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Abstract

This thesis studies a nonextensive generalization of the primordial plasma in the early Uni-
verse using Tsallis statistics. The basic idea is that, before Big Bang Nucleosynthesis, the
plasma could have contained long range interactions, correlations, memory effects, or residual
nonextensive behavior encoded in a parameter q ̸= 1. Starting from the maximum entropy
principle, q-generalized distribution functions are obtained and used to modify the thermody-
namic quantities of the plasma, such as the number density, energy density, entropy density,
effective relativistic degrees of freedom, and the Hubble rate.

Two freeze-out descriptions are developed. The First Order Model corresponds to expanding
the q-generalized distributions around the extensive limit, keeping only corrections linear in
(q − 1). This model is useful as a controlled approximation, but it is not precise enough when
the deformation is not extremely small. The Exact Model, instead, uses the full q-exponential
without expanding the distribution functions. For this reason, the main phenomenological
analysis is based on the Exact Model, where the WIMP abundance Yχ,q(x), the relic density
Ωχ,qh

2, and the freeze-out point xf = mχ/Tf are obtained by solving an effective q-generalized
Boltzmann equation.

The relic abundance by itself does not give a robust bound on q, because different com-
binations of q, the annihilation parameters, and the WIMP mass can reproduce the observed
dark matter abundance. In practice, the annihilation cross section remains the dominant quan-
tity controlling Ωχ,qh

2, while the mass dependence is weaker and mainly enters through the
logarithmic behavior of the freeze-out point.

To constrain the nonextensive parameter more directly, the neutrino radiation sector is
deformed while photons are kept standard. This maps the correction into Neff through the
fermionic radiation factor RFD

ν (q). The comparison with CMB+BAO gives bounds close to
the extensive limit. The BBN Gaussian prior is used only as an illustrative input, because a
robust BBN constraint would require following the full BBN physics, including light element
abundances, weak interaction rates, the neutron to proton ratio, and the nuclear reaction
network. For a more robust constraint we suggest to solve the full kinetic neutrino decoupling
scenario which involves neutrino oscillations, finite temperature QED corrections and spectral
distortions.

Finally, the strong preference for q ≃ 1 before BBN motivates a dynamical parameter q(T )
that relaxes toward the extensive limit as the Universe cools. Two phenomenological profiles
were proposed for this purpose: a log-linear profile in the plasma temperature and a sigmoid
profile, the latter being useful for describing localized transitions. This allows possible nonex-
tensive effects at earlier critical stages, such as EWSB or the QCD crossover, while recovering
an almost standard radiation era by T ∼ 1 MeV. By assuming a separation of timescales,
the nonextensive parameter is treated within a quasi-static approximation, which provides a
controlled way to discuss the thermodynamic consistency of this scenario. A nonextensive
primordial plasma, q ̸= 1, could motivate future studies of BSM-type interactions and pro-
vide a phenomenological window to explore exotic effects not included in the standard thermal
framework.
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Chapter 1

Introduction

This chapter introduces the physical motivation and the theoretical framework developed in this
thesis. We begin by presenting the dark matter problem and the main observational evidence
supporting its existence. Then, we discuss why the Cold Dark Matter (CDM) scenario is the
standard cosmological framework in which WIMP candidates are usually studied. After that,
we introduce the WIMP Freeze-out mechanism and explain why its prediction depends on the
thermal history of the Universe before Big Bang Nucleosynthesis (BBN).

The standard computation of thermal Relic Abundance assumes Boltzmann-Gibbs statistics
and an extensive primordial plasma. This assumption is well motivated and has been extremely
successful. However, it also fixes the statistical structure of the plasma in an epoch where there
is no direct experimental access. For this reason, the purpose of this thesis is not to replace
the standard framework, but to test how robust the WIMP Freeze-out prediction is under a
controlled nonextensive deformation of the thermal background through Tsallis statistics.

In this work, the nonextensive parameter q is treated as a phenomenological quantity that
encodes deviations from Boltzmann-Gibbs statistics. The extensive limit is recovered when
q → 1. We study how this deformation modifies the thermodynamic quantities of the primor-
dial plasma, the WIMP Freeze-out process, the Relic Abundance, and radiation era observables
such as Neff . Finally, since low-energy cosmological observables strongly prefer an almost ex-
tensive plasma near the MeV scale, we motivate a dynamical interpretation q(T ), where the
nonextensive parameter relaxes toward q ≃ 1 before BBN.

1.1 The Dark Matter Problem
Dark matter is a hypothetical form of matter that does not interact with the electromagnetic
spectrum. This means that, although it is invisible because it does not interact with light, it
is estimated to constitute approximately 27% of the energy density and mass of the Universe,
exceeding the baryonic matter by roughly five to one. Its origin and nature remain among
the greatest mysteries of modern science, since no particle in the current Standard Model of
particle physics satisfies all the requirements to be a viable dark matter candidate.

Its existence is not postulated arbitrarily, but is instead motivated by a large body of
observational evidence:

• Galactic Rotation Curves: Stars in the outer regions of galaxies rotate at higher
speeds than predicted by visible matter alone. According to Newtonian mechanics, they
should move more slowly the farther they are from the galactic center [2]. The observed
high velocities imply the existence of an extended halo of invisible matter that provides
additional gravitational attraction, keeping stellar velocities approximately constant or
even increasing along the galactic radius.

13
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• Gravitational Lensing: Light emitted by distant objects is deflected when passing
near massive structures such as galaxy clusters. The magnitude of this effect, known
as gravitational lensing, allows one to infer the total mass of the cluster. Observations
consistently reveal a total mass much larger than the amount of visible matter, strongly
suggesting the presence of a substantial dark matter component [3].

• Cosmic Microwave Background (CMB): The study of anisotropies, namely the small
temperature fluctuations in the CMB, provides one of the strongest pieces of evidence for
dark matter. The cosmological models that best reproduce these observations require the
presence of cold dark matter in order to explain the formation of large scale structures
such as galaxies and galaxy clusters [4].

These observations strongly motivate the study of theoretical frameworks capable of ex-
plaining the origin, stability, and abundance of dark matter.

1.2 Cold Dark Matter and the WIMP Paradigm
In the standard cosmological picture, dark matter is usually described as Cold Dark Matter.
The word “cold” means that the dark matter component was non-relativistic during the epoch
of structure formation. This is relevant because relativistic, or hot, dark matter would erase
small-scale structures through free streaming, while CDM allows the growth of structures in
agreement with observations. In this thesis, we focus on the CDM scenario because WIMPs are
massive thermal relics that naturally become non-relativistic well before the epoch of structure
formation.

Precision measurements of the cosmic microwave background, carried out by the Planck
satellite together with complementary cosmological observations, have determined the cold
dark matter abundance with high accuracy. The current value of the cold dark matter density
parameter is

Ωch
2 = 0.120 ± 0.001, (1.1)

within the ΛCDM framework [4]. Here, Ωc is the present cold dark matter density param-
eter and h is the dimensionless Hubble parameter, defined through H0 = 100h km s−1 Mpc−1.
Therefore, any viable theoretical model of dark matter should be able to reproduce this mea-
surement.

A general and well motivated class of cold dark matter candidates is that of weakly in-
teracting massive particles (WIMPs). In particle physics, a dark matter candidate must be
electrically neutral, sufficiently stable on cosmological timescales, and weakly coupled enough
to evade current experimental bounds. WIMPs satisfy these basic requirements in many Beyond
the Standard Model scenarios.

A viable WIMP candidate must be stable. In beyond the Standard Model scenarios, this
stability is often ensured by means of a discrete symmetry. A typical implementation is a Z2
symmetry, under which Standard Model fields are even and the dark matter candidate is odd
[5]. Stability arises because physical processes must conserve parity between initial and final
states; therefore, a decay such as χ → ff̄ is forbidden if χ carries odd parity while Standard
Model particles are even. This strategy of extending the Standard Model symmetry content
with discrete symmetries is commonly used in particle-physics model building. Since WIMPs
are electrically neutral, they may also be their own antiparticles, as in the case of Majorana
candidates.
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1.3 WIMP Freeze-out and the Pre-BBN Thermal His-
tory

In the Early Universe, WIMPs may have been in chemical equilibrium with the primordial
plasma. As the Universe expanded and cooled, their equilibrium number density became ex-
ponentially suppressed by the Boltzmann factor. Eventually, annihilation reactions became
inefficient compared with the cosmic expansion rate. At that point, the abundance freezes out
and remains approximately constant in a comoving volume [6]. If no entropy production occurs
after decoupling, the Relic Abundance is approximately given by

Ωh2 ∝ 1
⟨σv⟩

. (1.2)

where ⟨σv⟩ is the thermally averaged annihilation cross section. To match the observations
in Eq. (1.1), the value of the annihilation thermal cross section has to be approximately

⟨σv⟩ ≈ 3 × 10−26cm3s−1 = 2.6 × 10−9GeV−2. (1.3)
This approximate expression yields the correct observed abundance when the decoupling

temperature is of order Tf ∼ mχ/20, where mχ is the WIMP mass [7]. This remarkable
coincidence is commonly known as the WIMP Miracle.

Although Eq. (1.2) captures the inverse relation between the Relic Abundance and the
annihilation strength, the full prediction is not determined only by ⟨σv⟩. It also depends on
the thermal history of the Universe, the entropy density, the expansion rate, and the effective
number of relativistic degrees of freedom. Therefore, a modification of the primordial plasma
before decoupling may propagate into the final WIMP abundance.

This point is especially relevant before Big Bang Nucleosynthesis (BBN). BBN occurs at
temperatures of order T ∼ 1 MeV and provides one of the earliest observational probes of the
radiation dominated Universe. Any modification of the expansion rate or relativistic energy
density near this epoch is strongly constrained. However, at temperatures above the MeV
scale there is no direct experimental observation of the thermal plasma. The next cosmological
observable comes much later, in the form of the CMB. Therefore, if dark matter is ever directly
discovered, it would provide access to one of the earliest and longest-lived relics of the Universe.

This motivates studying whether the standard WIMP Freeze-out scenario is robust under
controlled modifications of the statistical properties of the primordial plasma.

1.4 Boltzmann-Gibbs Statistics and Tsallis Nonexten-
sivity

The standard Freeze-out computation assumes Boltzmann-Gibbs statistical mechanics. In this
framework, entropy is additive for independent systems and the equilibrium distributions decay
exponentially. This is the usual extensive description of a thermal plasma and it represents the
baseline scenario used in standard cosmology.

Tsallis statistics extends Boltzmann-Gibbs statistical mechanics to situations involving long
range interactions, strong correlations, and memory effects. Its entropy is defined as

Sq = k
1 −∑

i p q
i

q − 1 , lim
q→1

Sq = SBG,

where q is the nonextensive parameter, also called the Tsallis Parameter.1 In practice, one
1 We use the words Nonextensive Parameter and Tsallis Parameter indistinctly.
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may view q as a single phenomenological parameter that quantifies departures from the standard
extensive case. For q > 1, the corresponding q-generalized distributions develop power law tails,
while for q < 1 they exhibit compact support. The Boltzmann-Gibbs result is recovered in the
limit q → 1.

This framework has been widely used because it often provides a successful description of
systems exhibiting heavy tails, nonlocal effects, or nonequilibrium features. Examples include
astrophysical plasmas, solar winds, turbulence, and several complex systems such as networks,
traffic, finance, and biological processes. Similar tools also appear in kinetic models with
memory, helping to explain why power law behavior is so common across otherwise very different
physical settings [8].

These examples do not imply that the primordial plasma must be nonextensive. Rather,
they motivate the use of q as a phenomenological parameter to test possible departures from
Boltzmann-Gibbs statistics in a controlled way. In the cosmological context considered in this
thesis, the central question is how a nonextensive primordial plasma would modify the thermal
production of WIMP dark matter and the radiation era observables.

1.5 Hypothesis: A Nonextensive Primordial Plasma
This thesis explores the possibility that the primordial plasma may have been nonextensive
in the Tsallis sense, characterized by a parameter q ̸= 1. Such behavior may arise when
long range interactions, slowly decaying correlations, memory effects, or nonstandard thermal
features become relevant. The hypothesis is not that the standard cosmological framework is
wrong, but that its statistical assumptions can be generalized and tested through cosmological
observables.

If q ̸= 1, the stationary distributions are q-deformed2, and so are the corresponding inte-
grals for number, energy, and entropy densities. We summarize these modifications through a
rescaling factor Rρ(q), which is defined as the ratio between the q-deformed radiation energy
density and the standard one. This factor propagates into the effective relativistic degrees of
freedom g∗,q(T ), g∗s,q(T ), and the expansion rate Hq(T ). Likewise, another rescaling factor
Rn(q) affects the number density. Both rescalings operate in the ultrarelativistic regime. Their
explicit derivation and implementation are presented in the following chapters.

The modification of H does not come from changing the Friedmann equation itself. Instead,
it arises because the energy density that sources the expansion is modified. In a spatially flat
radiation dominated Universe, H2 ∝ ρ. Therefore, if ρ → ρq = Rρ(q)ρstd, then the Hubble rate
is modified as Hq =

√
Rρ(q)Hstd.

On this background, we revisit WIMP Freeze-out by solving an effective q-generalized Boltz-
mann equation and computing ⟨σv⟩q using both the first order expansion in (q−1) and the exact
q-distribution functions, within a partial-wave approximation up to p-wave. This provides a
connection between the q-deformed radiation bath and the calculation of the Relic Abundance.

The first order model is not introduced as the final phenomenological description, but as a
diagnostic approximation. It allows us to identify analytically how corrections proportional to
(q − 1) enter the thermodynamic quantities and the Freeze-out equation. Its comparison with
the exact q-exponential model is useful precisely because it quantifies the regime where the
perturbative treatment fails. For the quantitative results, however, the exact model is adopted.

Within the exact model, the thermally averaged annihilation cross section is written through
a partial-wave approximation as

⟨σv⟩q ≈ a + b ⟨v2
rel⟩q,

2We use the words Generalized, q-Generalized, Deformed and q-Deformed indistinctly.
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where a and b are the s-wave and p-wave contributions, respectively [9]. In this thesis, these
coefficients are treated as nuisance parameters. Therefore, the Relic Abundance alone does not
provide a robust one-parameter bound on q, because different combinations of q, mχ, and the
annihilation parameters can reproduce the observed value Ωch

2 ≃ 0.12 [4].
For this reason, this thesis also studies the radiation sector. In particular, we deform the

neutrino contribution while photons are kept standard. This maps the q-deformation into the
effective number of neutrinos observable Neff through the fermionic radiation factor RFD

ν (q).
The comparison with BBN [10] and CMB+BAO [4] provides a more direct probe of q near the
MeV scale. The BBN input is used only as an illustrative Gaussian prior, because a robust BBN
constraint would require following the full BBN physics, including light element abundances,
weak interaction rates, the neutron to proton ratio, and the nuclear reaction network.

Finally, since radiation era observables restrict constant-q models close to the extensive limit,
we further hypothesize that the nonextensive parameter q may be interpreted as a dynamical
function of the plasma temperature, q(T ). In this scenario, possible nonextensive effects may be
present at earlier temperatures, while the plasma relaxes toward q ≃ 1 before BBN. Assuming
a separation of timescales, the plasma may evolve smoothly through quasi-stationary states
without breaking the generalized H-theorem [11].

In this thesis, two scenarios for the nonextensive parameter q are considered:

• A constant q ̸= 1 during the radiation dominated epoch.

• A relaxation law q(T ) → 1 as the temperature decreases, reaching q ≃ 1 by the onset of
BBN at T ∼ 1 MeV. This framework is developed by directly promoting the nonexten-
sive parameter to a temperature dependent function and by studying its thermodynamic
consistency through the H-theorem.

The concrete goals of this thesis are the following:

• Develop the theoretical framework: Compute the fundamental thermodynamic ob-
servables, such as number density, entropy density and energy density, from Tsallis nonex-
tensive statistics. Two approaches are analyzed and compared: a first order perturbative
model O(q − 1) and an exact model based on the q-exponential without any expansion.

• Model WIMP evolution: Formulate the q-generalized Boltzmann equation for the
comoving abundance Yχ,q, incorporating the q-generalized thermally averaged annihilation
cross section ⟨σv⟩q within a partial-wave expansion.

• Quantify the impact of nonextensivity: Solve the Boltzmann equation numerically
in order to determine how the parameter q affects the Freeze-out process and the dark
matter Relic Abundance Ωχ,qh

2, and compare the results with Planck measurements
within the ΛCDM framework [4]. In this stage, q is taken to be arbitrary but constant.

• Degrees of freedom and H-Theorem: Study how the primordial-plasma degrees of
freedom are modified in the nonextensive scenario for arbitrary q, and connect this result
with the need for a relaxation model through the H-Theorem, the notion of attractors,
and the sensitivity of BBN to changes in the relativistic degrees of freedom.

• Observational bounds on q: Quantify and constrain the nonextensive parameter q
by confronting the model predictions with Early Universe data. In particular, map the
radiative deformation RFD

ν (q) onto the effective number of neutrinos observable Neff and
determine the ranges of q compatible with BBN [10] and CMB+BAO [4] at the 1σ level.
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• Multi-component Dark Matter as a motivated extension: In the constant-q frame-
work, the underproduction found for q < 1 under fixed benchmark annihilation param-
eters motivates interpreting dark matter as a sum of independently freezing-out stable
species [12]. This is not proposed as a necessary solution, but as one possible phenomeno-
logical extension when a single thermal component does not reproduce the full observed
abundance.

• Motivate and develop a dynamical nonextensive parameter q(T ): Since low-
energy observations restrict constant-q models, see Table 6.2, we propose a thermody-
namically consistent model where q relaxes with temperature. Assuming a separation
of timescales, we argue that the plasma may evolve smoothly through quasi-stationary
states without breaking the generalized H-theorem [11]. Using a sigmoid profile for key
phase transitions, such as EWSB and QCD, we aim to measure the temporary spike in
thermodynamic non-linearity and verify that it vanishes before Big Bang Nucleosynthesis.

1.6 Strategy and Observational Approach
To address the hypothesis introduced above, the strategy of this thesis is divided into three
connected levels: the statistical description of the plasma, the cosmological propagation of the
q-deformation3 and the phenomenological comparison with Relic Abundance and radiation era
observables.

First, we construct the thermodynamic background using both the first order approximation
and the exact q-distribution functions. This allows us to identify the analytical structure of the
corrections and, at the same time, determine the regime where the perturbative approximation
loses reliability.

Second, we propagate the q-deformation through the rescaling factor Rρ(q) into the effec-
tive degrees of freedom and the expansion rate [1]. In the exact model, this step is particu-
larly relevant because the full q-exponential modifies the thermodynamic integrals nonlinearly.
Schematically, this propagation is written as

ρq = Rρ(q)ρstd, g∗,q(T ) = Rρ(q)g∗(T ), g∗s,q(T ) = Rρ(q)g∗s(T ),
and

Hq(T ) =
√

Rρ(q)Hstd(T ).
Finally, we solve the generalized Boltzmann equation for the comoving abundance Yχ,q and

compute the final Relic Abundance Ωχ,qh
2.

To connect the framework with observations, we map the deformation into an effective
change in radiation, expressed through a shift in the effective number of neutrinos Neff [13],
and compare the results with BBN [10] and CMB+BAO [4]. Under these assumptions, photons
are assumed to rethermalize and behave nearly extensively, while neutrinos, which decouple
near the MeV scale, may retain a nonextensive imprint that manifests itself as a contribution
to ∆Neff .

Within our framework, the partial-wave coefficients (a, b) [9] are treated as nuisance param-
eters. For each value of q, they may be retuned within physically reasonable priors so that the
Relic Abundance matches observations,

Ωch
2 ≃ 0.12.

3Note: The parameter q is treated as a phenomenological quantity encoding departures from Boltzmann-
Gibbs statistics. No specific microscopic derivation of q from a concrete BSM sector is assumed in this thesis.
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From this perspective, the Freeze-out scenario acts as a consistency test between the q-
deformed cosmological background and a viable Relic Abundance. The strongest direct leverage
on q, however, comes from radiation era observables such as BBN and the CMB, because these
observables are more directly sensitive to changes in the relativistic energy density near the
MeV scale.

1.7 Motivation
The motivation for this work is based on the following points:

• Public programs used for dark matter abundance calculations, such as micrOMEGAs [14],
usually rely on standard Boltzmann-Gibbs statistics when solving the Boltzmann equa-
tion. This is the standard and observationally successful assumption. In this thesis, we
take that assumption as the baseline to be tested by asking how the Freeze-out prediction
changes when the statistical structure of the plasma is deformed in a controlled way.

• Some particle physics models containing dark matter candidates possess parameter spaces
that are already highly constrained, or even partially excluded, by current experiments.
Applying nonextensive statistical mechanics in these contexts could modify the cosmolog-
ical predictions of the models, such as the Relic Abundance or the required annihilation
cross sections. The relevant point is not merely to enlarge parameter space, but to
identify whether nonextensive effects can mimic, weaken, or strengthen the cosmological
constraints imposed on dark matter models, provided that consistency with all relevant
experimental constraints is maintained.

• Since radiation era observables strongly prefer an approximately extensive plasma near
the MeV scale, any sizeable nonextensive effect at earlier temperatures must relax before
BBN. This motivates studying q as a temperature-dependent parameter rather than only
as a constant deformation. In the standard picture, the radiation dominated epoch is
described by the extensive limit q = 1; here, we allow for controlled departures from
extensivity, q ̸= 1, and explore how such departures could disappear before the onset of
Big Bang Nucleosynthesis.

These motivations justify studying nonextensivity not as a purely formal extension of statistical
mechanics, but as a phenomenological framework capable of modifying the thermal history of
the Early Universe in a quantitatively testable way.



Chapter 2

Cosmology Basics and Relic
Production

In this chapter we introduce the fundamental concepts behind cosmology and the production
of thermal relics through the Freeze-out process, with particular focus on dark matter. We
begin by reviewing Einstein’s field equations and the cosmological principle, which states that
the Universe is homogeneous and isotropic on sufficiently large scales. Then, we introduce the
Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric, which describes an expanding Uni-
verse consistent with this principle.

By applying this metric to Einstein’s equations, one obtains the Friedmann equations, which
describe the dynamics of the cosmic expansion. These equations allow us to connect the ex-
pansion of the Universe with its energy content. From this framework, we can also establish
the conservation equation and introduce an equation of state for the components of the Early
Universe. This provides the basis for the standard ΛCDM model.

With this cosmological background, we then describe the thermodynamics of the Early
Universe in the equilibrium regime, where the interaction rates of particles are much larger than
the expansion rate of the Universe. In this regime, statistical mechanics allows us to obtain the
main macroscopic cosmological quantities, such as the number density, energy density, pressure,
entropy density, and the effective relativistic degrees of freedom.

Finally, to study how relic abundances are generated, such as the dark matter abundance,
it is necessary to consider processes that depart from thermal equilibrium. In this case, the
relevant tool is the Boltzmann equation, which relates the evolution of the particle number
density with both the expansion of the Universe and the microscopic interactions of the species
under study. In this work, this formalism is applied to the Freeze-out production of dark matter.

2.1 The Expanding Universe: ΛCDM Model
In this section we introduce the standard cosmological framework used to describe the expansion
of the Universe. Starting from the cosmological principle and the FLRW metric, we obtain the
Friedmann equations, which relate the expansion rate to the energy content of the Universe.
This provides the basis for the ΛCDM model.

2.1.1 Einstein Equations and the Cosmological Principle
The starting point of the standard cosmological model is General Relativity, whose dynamics
are encoded in Einstein’s equations [6]

Gµν + Λgµν = 8π

M2
Pl

Tµν , (2.1)
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where Gµν is the Einstein tensor, Tµν is the energy-momentum tensor of the cosmic fluid, Λ is
the cosmological constant, and MPl is the Planck mass. In cosmology, one further assumes the
Cosmological Principle, i.e., that the Universe is homogeneous and isotropic on sufficiently large
scales. Since Einstein’s equations relate spacetime geometry to the energy-momentum content,
this assumption strongly restricts the allowed geometry and leads directly to the FLRW metric.

2.1.2 The Friedmann-Lemâıtre-Robertson-Walker (FLRW) Metric
The spacetime metric compatible with homogeneity and isotropy is the FLRW metric, whose
line element is defined as

ds2 = dt2 − a2(t)
(

dr2

1 − kr2 + r2dθ2 + r2 sin2 θ dϕ2
)

, (2.2)

where a(t) is the scale factor, which measures how physical distances evolve due to cosmic
expansion. The parameter k encodes the spatial curvature: k = +1 for a closed geometry,
k = −1 for an open geometry, and k = 0 for flat spatial sections.

2.1.3 Expansion Dynamics: Friedmann Equations
The Friedmann equations provide the basis for describing the dynamics of the standard cos-
mological model. They are obtained by imposing the Cosmological Principle in Einstein’s
equations [6], i.e., by applying the FLRW metric (2.2) to these equations.

The temporal component of Einstein’s equations gives rise to the first Friedmann equation:

H2 = 8π

3M2
Pl

ρ − k

a2 . (2.3)

This equation relates the Universe’s expansion rate to its energy content and spatial curvature.
Here, H ≡ ȧ/a is the Hubble parameter, ρ represents the total energy density, and the term
k/a2 contains the curvature contribution determined by the FLRW geometry.

From the spatial components of Einstein’s equations, and in combination with the first
equation, one obtains the second Friedmann equation, known as the acceleration equation:

ä

a
= − 4π

3M2
Pl

(ρ + 3P ) . (2.4)

This second equation describes the acceleration of cosmic expansion, ä. The term P represents
the total pressure exerted by the constituents of the Universe. The cosmological constant Λ
is not included explicitly in Eq. (2.4), since this thesis focuses on the Early Universe. In the
radiation dominated epoch, the contribution associated with Λ is negligible compared with the
radiation content.

2.1.4 Energy content, conservation, and equations of state
On the other hand, the covariant conservation of the energy-momentum tensor, ∇µT µν = 0,
allows one to obtain a conservation equation [7]:

ρ̇ = −3H(ρ + P ). (2.5)

The Friedmann equations (2.3), (2.4) and the conservation equation (2.5) are not all indepen-
dent. To close the system and describe the evolution of the cosmic fluid, it is necessary to
specify an equation of state. For this we introduce the barotropic equation of state of the form
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P = wρ, where the parameter w determines the type of energy content present. In this thesis,
the main interest is the radiation dominated Universe, when the plasma was very dense, hot,
and the particle velocities were relativistic. In this case, the equation of state takes the form
P = ρ/3, with w = 1/3.

2.1.5 ΛCDM as the Standard framework
The ΛCDM (Lambda Cold Dark Matter) model [15] is the current standard theoretical frame-
work of cosmology. It successfully describes the evolution of our Universe and its large scale
structures, integrating the Big Bang theory with two fundamental components: cold dark mat-
ter and Dark Energy, represented by the cosmological constant Λ. Although the cosmological
constant is negligible during the radiation era considered in this thesis, the ΛCDM model
provides the observational framework in which quantities such as Ωch

2 are inferred.
To compute how each component contributes to the total abundance of the Universe, the

dimensionless density parameters Ωi are defined. In general, each parameter represents the
ratio between the density of a specific component ρi and the critical density, ρc. For present
day quantities, this critical density is defined as

ρc = 3M2
PlH

2
0

8π
, (2.6)

where H0 is the present value of the Hubble parameter.
The main contributors to the Universe content are matter, radiation, and Dark Energy:

ΩM = ρM,0

ρc

, Ωrad = ρrad,0

ρc

, ΩΛ = ρΛ,0

ρc

, (2.7)

where the subscript 0 denotes present day values. The geometry of the Universe is described
in turn by the curvature parameter,

Ωk = − k

a2
0H

2
0

. (2.8)

The sum of all these contributions must, by definition, be equal to one:

ΩM + Ωrad + ΩΛ + Ωk = 1. (2.9)

Observations such as luminosity measurements of distant supernovae, which act as standard
candles (astrophysical objects whose absolute luminosity is known so that, by estimating their
apparent brightness, it is possible to compute their distance) [16], and the analysis of the
Cosmic Microwave Background, have determined these parameters with great precision.

Experimental results indicate that the current Universe is spatially flat, or very close to
it, implying that the curvature contribution is negligible, Ωk ≈ 0. Moreover, at present, the
energy density of radiation, Ωrad, is insignificant compared to matter and Dark Energy. Under
these conditions, the cosmic budget is greatly simplified for a present day approximation:

ΩM + ΩΛ ≈ 1. (2.10)

In turn, the total matter density parameter, ΩM , is decomposed into two main types: baryonic
matter, Ωb, and cold dark matter, Ωc, sometimes denoted ΩDM. Therefore, the total matter
density is the sum of both:

ΩM = Ωb + Ωc. (2.11)
Currently, matter, baryonic and dark, is estimated to constitute approximately 30% of the
Universe’s energy density, while Dark Energy accounts for the remaining 70%. These values are
measured/fixed by CMB measurements, SNI supernovae, Baryon Acoustic Oscillations (BAO),
and abundances of light elements [4, 16, 17, 18].
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2.2 Thermodynamics and equilibrium in the Early Uni-
verse

To understand the origin of the particles that make up the present Universe, it is necessary to
study the physics of the primordial plasma. In its early stages, the Universe was a dense and
hot system assumed to be in thermal equilibrium, whose behavior is described by statistical
mechanics. This framework allows one to model the evolution of the particle species in the
primordial plasma. In this thesis, it is applied specifically to the thermal production and
abundance of dark matter.

As the Universe expanded, it cooled; as a consequence, interaction rates between particles
decreased. For certain particle species, interactions eventually became insignificant compared
to the Hubble expansion rate of the Universe, leading to a phenomenon known as thermal
decoupling or Freeze-out. This mechanism gives rise to relics: particles whose abundance
“freezes” and remains constant to the present day.

The fundamental mathematical tool to describe this process is the Boltzmann equation,
which governs the evolution of the density of a species by describing how the interaction rate
competes with the Hubble expansion rate [6]. The following subsections develop this formalism
in detail to determine the abundance of a thermal relic, with a specific focus on WIMPs, which
together with the contents of the following chapters will contribute to the proposed model.

2.2.1 The Primordial Plasma and Thermal Equilibrium
In the early stages of the Universe, the temperature and density were high enough to keep matter
in a primordial plasma state, in which Standard Model particle species interacted continuously
and efficiently. The condition for thermal equilibrium is that the particle interaction rate,
Γ ∼ n⟨σv⟩, where n is the number density of particles, is much larger than the expansion
rate of the Universe, characterized by the Hubble parameter H. As long as Γ ≫ H holds,
collisions are frequent and the plasma shares a common temperature, with well defined energy
distributions.

Under this assumption, the macroscopic properties of the plasma are described through
statistical mechanics using the equilibrium distribution function f [6], which sets the mean
occupation number of a state with energy E:

f(E) = 1
exp

[
(E − µ)/T

]
+ ξ

, (2.12)

where T is the plasma temperature, µ the chemical potential, and ξ determines the statistics:
ξ = +1 for fermions (Fermi-Dirac), ξ = −1 for bosons (Bose-Einstein) and ξ = 0 for the
classical limit (Maxwell-Boltzmann).

From f(E), macroscopic thermodynamic observables for a species with g internal degrees
of freedom are defined:

n = g
∫ d3p

(2π)3 f(E) , (2.13)

ρ = g
∫ d3p

(2π)3 E(p) f(E) , (2.14)

P = g
∫ d3p

(2π)3
p2

3 E(p) f(E) , (2.15)

with E(p) =
√

p2 + m2. Here, m is the particle mass. The factor g summarizes the sum over
internal states, such as spin and polarization, assuming equiprobable population in thermal
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equilibrium. A standard caveat is that of neutrinos, for which only left-handed helicity states
are significantly populated.

The usual results for n and ρ, which are the most relevant cases for the model, are [19]:

n =



ζ(3)
π2 g T 3 , bosons, ξ = −1 ,

3
4

ζ(3)
π2 g T 3 , fermions, ξ = +1 ,

g
(

mT

2π

)3/2
e−m/T , non-relativistic, ξ = 0 ,

(2.16)

where ζ is the Riemann zeta function. In the relativistic regime, T ≫ m, the number den-
sity scales as T 3, while in the non-relativistic regime, T ≪ m, the Boltzmann exponential
suppression appears.

Similarly, the energy density is

ρ =



π2

30 g T 4 , bosons, ξ = −1 ,

7
8

π2

30 g T 4 , fermions, ξ = +1 ,

m n , non-relativistic, ξ = 0 ,

(2.17)

so in the relativistic limit ρ ∝ T 4, and in the non-relativistic limit rest mass energy dominates,
ρ ≃ mn. In the calculations that follow, the chemical potential is neglected, µ ≃ 0, appropriate
for the Early Universe where µ ≪ T and the matter-antimatter asymmetry is small [19]. To
describe the total content of a relativistic plasma in equilibrium, it is useful to compact the
contribution of all species into

ρ = g∗
π2

30 T 4 , (2.18)

where g∗ is the effective number of relativistic degrees of freedom,

g∗ =
∑

bosons
gi

(
Ti

T

)4
+ 7

8
∑

fermions
gj

(
Tj

T

)4
. (2.19)

Here gi and gj count the internal states of each species, and the ratios Ti/T , Tj/T allow one to
include species with temperatures different from that of the plasma.

An equally relevant quantity is the entropy density s, which for µ ≃ 0 satisfies [20]

s = ρ + P

T
. (2.20)

For a relativistic gas, P = ρ/3, and using (2.18), it follows that

s = 4
3

ρ

T
= g∗s

2π2

45 T 3 , (2.21)

where g∗s is the effective number of entropic degrees of freedom,

g∗s =
∑

bosons
gi

(
Ti

T

)3
+ 7

8
∑

fermions
gj

(
Tj

T

)3
. (2.22)

The difference in exponents in T between g∗ and g∗s is essential when dealing with decouplings:
when a species decouples, its temperature can evolve differently from the plasma’s, and g∗ and
g∗s cease to coincide.
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Finally, the comoving entropy S ≡ s a3 is conserved to a good approximation for an adia-
batically expanding Universe. This implies that

S = s a3 = constant , (2.23)

which makes s, and the comoving abundance Y ≡ n/s, central tools for tracking the evolution
of species in the Early Universe [19].

2.2.2 The Boltzmann equation and species evolution
Once equilibrium observables are defined, the next step is to describe the evolution of the species
as they deviate from it. The fundamental tool for this purpose is the Boltzmann equation, which
governs the microscopic evolution of the distribution function f in phase space. In its general
covariant form, the equation is expressed as [21]:

L[f ] = C[f ], (2.24)

where the Liouville operator L[f ] describes the variation of f due to free motion of particles and
the effect of spacetime expansion. On the other hand, the collision term C[f ] represents the
variation of f due to interactions of the species of interest, such as annihilations and scatterings.

The Boltzmann equation is greatly simplified by applying the Cosmological Principle. For
a detailed derivation, see [9]. The homogeneity and isotropy of the Universe imply that the
distribution function does not depend on position or on the direction of momentum, but only
on the energy magnitude E and time, i.e. f = f(E, t). Under this condition, the covariant
equation reduces to [19]:

E
∂f

∂t
− Hp2 ∂f

∂E
= C[f ]. (2.25)

The term proportional to H explicitly describes how the expansion of the Universe, through the
redshift of momentum, competes with the collisional term C[f ] that seeks to restore thermal
equilibrium.

2.2.3 The Freeze-out mechanism for thermal relics
The thermal decoupling, or Freeze-out, mechanism explains the current abundance of relics
generated in the primordial plasma, as in the case of WIMPs.

Decoupling occurs when the interaction rate of a particle Γ becomes inefficient compared to
the expansion rate of the Universe described by the Hubble parameter H. As the temperature
drops below the mass of the particle, the equilibrium number density becomes Boltzmann
suppressed through the factor e−m/T . When Γ ≲ H, interactions effectively cease and the
number density of the particle deviates from equilibrium, becoming “frozen.” From then on, its
abundance is simply diluted by the expansion of the Universe.

To model this phenomenon, one starts from the Boltzmann equation for a distribution func-
tion f , Eq. (2.25). A macroscopic description is needed; to this end, the Boltzmann equation
is integrated in phase space as follows:

g
∫ d3p

(2π)3

(
E

∂f

∂t
− Hp2 ∂f

∂E

)
= g

∫ d3p

(2π)3 C[f ], (2.26)

where the left hand side represents the effect of expansion on the population of particles. Its
integration is a standard result in cosmology [19] and breaks down into two terms: the total
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time variation of the number density and how the number density of the particle of interest is
diluted due to the expansion of the Universe:

g
∫ d3p

(2π)3

(
E

∂f

∂t
− Hp2 ∂f

∂E

)
= dn

dt
+ 3Hn, (2.27)

where t denotes cosmic time. The right hand side, when integrated, represents the net rate
of change in the number of particles per unit volume due to interactions. For the WIMP
annihilation process into Standard Model particles, and vice versa, χ + χ̄ ↔ SM + SM, this
term is defined through the thermally averaged cross section ⟨σv⟩ [19].1

gχ

∫ d3p

(2π)3 C[fχ] = −⟨σv⟩
(
n2

χ − n2
χ,eq

)
, (2.28)

where nχ is the physical, out-of-equilibrium number density in the Universe’s volume at a
given time, nχ,eq is the number density the WIMP candidate would have if it were in perfect
equilibrium with the primordial plasma, and ⟨σv⟩ is the thermally averaged annihilation cross
section that accounts for all pair annihilation processes between the candidate χ and Standard
Model particles [9]:

⟨σv⟩ =
∫

d3p1d
3p2 σvfχ,eq(p1, T )fχ,eq(p2, T )∫

d3p1d3p2 fχ,eq(p1, T )fχ,eq(p2, T )

= 1
8m4

χTK2
2

(
mχ

T

) ∫ ∞

4m2
χ

ds σ(s)
√

s(s − 4m2
χ)K1

(√
s

T

)
, (2.29)

where s is the energy of the center of mass, K1 and K2 are modified Bessel functions of the
second kind, and σ(s) is the traditional annihilation cross section obtained via quantum field
theory [22].

Finally, by equating the results of the previous steps, one obtains the Boltzmann equation
for the number density. This is the fundamental equation that describes the evolution of the
abundance of a thermal relic and the Freeze-out mechanism:

dnχ

dt
+ 3Hnχ = −⟨σv⟩

(
n2

χ − n2
χ,eq

)
. (2.30)

Note that, for a vanishing collisional term, the time variation of the number density depends
only on the expansion of the Universe governed by the Hubble parameter H. To simplify the
Boltzmann equation and isolate the effect of interactions from dilution by expansion, a change
of variables is made. A new quantity, the Yield Y , or comoving abundance, for the dark matter
is introduced, defined as the ratio between number density and entropy density:

Yχ ≡ nχ

s
.

Since the entropy in a comoving volume, S = sa3, is a conserved quantity, the Yield represents
the particle abundance per unit of entropy. This definition is particularly useful because, for a
decoupled particle species, its Yield Y remains constant.

Additionally, the time variable t is replaced by a dimensionless variable x that relates the
mass of the particle mχ to the plasma temperature T . It is convenient to describe the thermal
evolution in terms of the dimensionless variable x = mχ/T , where T denotes the temperature
of the cosmological plasma.2

x ≡ mχ

T
.
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Figure 2.1: Standard WIMP Freeze-out. Evolution of the yield Y (x) = nχ/s as a function
of x = mχ/T for different values of ⟨σv⟩. The dashed line shows Yeq(x). The horizontal shaded
band indicates the ±3σ band of the asymptotic value Y∞ compatible with the Relic Abundance
measured by Planck (2018).

By applying these two transformations to the Boltzmann equation, it adopts its canonical
form for Freeze-out studies. This is the differential equation that must be solved numerically
to simulate the evolution of the WIMP abundance and determine its final value:

dYχ

dx
= −

√
π

45
g∗s

g
1/2
∗

mχMPl
⟨σv⟩
x2

(
Y 2

χ − Y 2
χ,eq

)
. (2.31)

Equation (2.31) is, therefore, the fundamental tool for analyzing thermal decoupling. Its nu-
merical solution makes it possible to determine the evolution of the comoving abundance of the
particle, Y (x), as the Universe cools. The asymptotic value of this solution is reached when
x → ∞ and corresponds to the final comoving abundance denoted by Y∞ [7]. This theoretical
result, Y∞, is directly connected to one of the best measured cosmological quantities: the dark
matter density parameter, Ωχh2 [4], which corresponds to the cold dark matter contribution of
the ΛCDM model, Ωch

2. The expression that links the numerical solution of the Boltzmann
equation (2.31) with the measured cold dark matter is given by

Ωχh2 =
ρ0

χh2

ρ0
c

= mχs0Y∞h2

ρ0
c

, (2.32)

where s0 = 2.9×103 cm−3 is the present day entropy density, and ρc = 1.0537×10−5 h2 GeV cm−3

is the critical energy density for the Universe to have flat space-time geometry [4]. Equation
(2.32) is the connection between the theoretical model of the Early Universe and observations of

1To refer to WIMP-type dark matter from now on, the notation χ will be used.
2In this work, the temperature is used as the macroscopic thermal scale controlling the plasma distribution

and the cosmological evolution, not as a direct identification with the energy of each particle. For relativistic
species, T sets the typical energy scale up to numerical factors of order unity. For non-relativistic dark matter,
instead, T controls the kinetic energy and the velocity dispersion, while the rest mass mχ sets the dominant
contribution to the particle energy. In the q-deformed case, T should be understood as the effective thermal
parameter entering the distribution, whereas physical quantities such as number density, energy density, entropy
density and thermally averaged rates are obtained from the full q-dependent phase-space integrals.
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the present Universe. It allows one to contrast the predictions of a WIMP model, defined by its
mass mχ and cross section ⟨σv⟩, with the value measured by experiments such as Planck [4]. In
the following chapters, this standard formalism will be generalized using Tsallis’ nonextensive
statistics. The standard Freeze-out case is shown in Fig. 2.1, obtained by numerically solving
the Boltzmann equation (2.31) as the Universe cools.



Chapter 3

Nonextensive Generalization of the
Early Universe

The theoretical framework for the generalization of the Early Universe proposed in this study
is based on nonextensive statistical mechanics. The core of this formalism is Tsallis entropy, Sq,
which is non-additive [8]. In the following sections, it is shown how, via the maximum entropy
principle and the constraints of the system, one can derive the q-generalized distribution func-
tions, or mean occupation numbers. These functions are the fundamental tool that will allow
the recalculation of cosmological observables, thus incorporating the effects of nonextensivity
in the model.

3.1 Foundations of Tsallis Statistics
The theoretical foundation of Tsallis statistics lies in the concept of nonextensivity. In Boltzmann-
Gibbs statistical mechanics, entropy is additive for statistically independent systems and the
standard equilibrium distributions decay exponentially. Tsallis statistics generalizes this struc-
ture through a nonextensive parameter q, recovering the Boltzmann-Gibbs case in the limit
q → 1. Typically, this framework is used to describe systems whose behavior deviates from the
standard Boltzmann-Gibbs statistics, for example systems with long range interactions, strong
correlations, memory effects, or quasi-equilibrium states.

In physical terms, examples where nonextensive statistics has been used phenomenologically
include self-gravitating systems, astrophysical plasmas, solar wind distributions and systems
with long range correlations. These examples do not imply that the primordial plasma must
be nonextensive, but they motivate the use of q as a controlled phenomenological parameter to
test deviations from the standard extensive case.

3.1.1 The Tsallis entropy
The pillar of Tsallis statistics is the generalization of Boltzmann-Gibbs entropy SBG through a
new functional, Tsallis entropy Sq [8]. This quantity is the starting point for constructing the
entire nonextensive framework. Its mathematical definition is given by:

Sq ≡ k
1 −∑

i pq
i

q − 1 , (3.1)

where {pi} is the set of probabilities for the system’s microstates, k is a constant analogous to
the Boltzmann constant kB, and q is a real number known as the nonextensivity parameter. It
is essential to note that in the limit q → 1, this expression formally recovers Boltzmann-Gibbs
entropy, establishing Tsallis’ formalism as a generalization of standard statistical mechanics.

29
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Tsallis entropy, Sq, shares several fundamental properties with Boltzmann-Gibbs entropy
SBG, such as non-negativity and the fact that it reaches its maximum value for a uniform
probability distribution, i.e. equiprobability. However, the crucial distinction between them
lies in the property of additivity.

While SBG is strictly additive, Tsallis entropy is non-additive, or more precisely pseudo-
additive. For a system composed of two statistically independent subsystems, A and B, the
total entropy of the combined system is not the sum of the individual entropies but obeys the
following composition rule:

Sq(A + B) = Sq(A) + Sq(B) + 1 − q

k
Sq(A)Sq(B). (3.2)

The last term in Eq. (3.2) quantifies the deviation from additivity and is a direct manifestation
of the correlations or long range interactions that the nonextensive formalism seeks to describe.
In the limit q → 1, standard Boltzmann-Gibbs additivity is recovered, SBG(A+B) = SBG(A)+
SBG(B). In the distribution functions used below, the case q > 1 is associated with power law
tails, while q < 1 leads to compact support at high energies [23].

3.1.2 Generalized distribution functions
To derive the generalized distribution function in Tsallis formalism, the maximum entropy
principle is applied. This procedure consists of maximizing the entropy functional Sq using the
method of Lagrange multipliers subject to a set of constraints representing the macroscopic
properties of the system.

The first and most fundamental of these constraints is the normalization of probability,
which ensures that the sum of the probabilities of all microstates is unity:∑

i

pi = 1. (3.3)

The constraints for the average internal energy Ē and the average number of particles N̄ are
defined via q-averages, a specific choice within the nonextensive formalism, the Curado-Tsallis
prescription [24]:

Ē =
∑

i

pq
i Ei, N̄ =

∑
i

pq
i Ni, (3.4)

where Ei and Ni are the energy and the number of particles of the i-th microstate, respectively.1
To find the probability distribution {pi} that maximizes Tsallis entropy Sq subject to the

system constraints, the method of Lagrange multipliers is used. The constants α, β and γ are
Lagrange multipliers associated with the normalization, energy and particle-number constraints,
respectively. First, the functional Q is constructed, which incorporates Tsallis entropy and the
constraints (3.3) and (3.4):

Q = 1
q − 1

(
1 −

∑
i

pq
i

)
− α

∑
i

pi − β
∑

i

pq
i Ei − γ

∑
i

pq
i Ni. (3.5)

The maximization condition requires that the partial derivative of Q with respect to each
probability pi be zero:

∂Q

∂pi

= 0. (3.6)

1This work adopts the Curado-Tsallis prescription for the q-averages. Other choices of constraints, such
as normalized escort averages, may modify the analytical prefactors and the numerical values of the inferred
bounds. See appendix A.4.1.
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Taking the derivative with respect to pi, one obtains:

− q

q − 1pq−1
i − α − βqpq−1

i Ei − γqpq−1
i Ni = 0. (3.7)

Rearranging the terms to isolate pq−1
i :

pq−1
i

(
− q

q − 1 − βqEi − γqNi

)
= α. (3.8)

From this expression, pi can be isolated. The standard identification of the Lagrange multipliers
in statistical physics is β = 1/T , which corresponds to the inverse temperature, and γ = −µ/T ,
introducing the chemical potential µ. The multiplier α is subsequently determined by the
normalization condition ∑

i pi = 1. By solving for pi and imposing normalization, it is found
that the sum in the denominator ensures ∑i pi = 1. The final result for the probability of the
i-th microstate is:

pi = [1 + β(q − 1)Ei − µβ(q − 1)Ni]1/(1−q)∑
i [1 + β(q − 1)Ei − µβ(q − 1)Ni]1/(1−q) , (3.9)

which gives the probabilities that extremize Sq under the imposed constraints. The denominator
is, by definition, the q-generalized partition function, Zq.

From the probability distribution for the system’s microstates, given by Eq. (3.9), it is pos-
sible to deduce the mean occupation number for an individual particle state. This quantity,
denoted ⟨ni⟩q, corresponds to the q-generalized distribution function and represents the gener-
alization of quantum and classical statistics to the nonextensive formalism [25]. For notational
reasons, it will be denoted by fi,q. Its explicit form is:

fi,q = 1
[1 + (q − 1)β(Ei − µi)]1/(q−1) + ξ

, (3.10)

where the parameter ξ distinguishes between different statistics: ξ = +1 for fermions, Fermi-
Dirac statistics, ξ = −1 for bosons, Bose-Einstein statistics, and ξ = 0 for the classical case,
Maxwell-Boltzmann statistics. In the limit q → 1, Eq. (3.10) reduces to the usual Boltzmann-
Gibbs distribution,

fi = 1
eβ(Ei−µi) + ξ

. (3.11)

The generalized distribution functions given by (3.10) will be useful when generalizing some
cosmological observables.

3.1.3 Physical interpretation of nonextensivity
The physical interpretation of the nonextensivity parameter q lies in the deviation from the
additivity of fundamental thermodynamic properties such as entropy. This behavior is charac-
teristic of complex systems that do not satisfy Boltzmann-Gibbs statistical theory. Typically,
these systems are distinguished by the presence of long range interactions such as gravity, strong
correlations among their constituents, quasi-equilibrium states, or a possible fractal structure
of spacetime at fundamental scales [23].

As a physical example, in a self gravitating system the interaction is long range and the
energy of a subsystem cannot always be treated as independent from the rest of the system. In
this type of situation, the usual additive structure of Boltzmann-Gibbs entropy may not be the
most adequate phenomenological description. This does not prove that the primordial plasma
is nonextensive, but it motivates the use of Tsallis statistics as a controlled way to parametrize
departures from the standard equilibrium framework.
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This takes on particular relevance in the cosmological context. The earliest epoch of the
Universe accessible to direct observational validation is Big Bang Nucleosynthesis (BBN), fol-
lowed later by the Cosmic Microwave Background (CMB). The physics of earlier eras, such as
dark matter decoupling, must be inferred through theoretical models.

3.2 Nonextensive H-Theorem
In the Tsallis framework, the q-generalized logarithm and exponential are introduced,

lnq f ≡ f 1−q − 1
1 − q

, eq(x) ≡
[

1 + (1 − q) x
] 1

1−q , (3.12)

which recover the Boltzmann-Gibbs case in the limit q → 1. The Boltzmann-like functional
compatible with (3.12) is

H(q) ≡
∫

f q lnq f d3p, (3.13)

and satisfies the balance equation:

∂H(q)

∂t
+ ∇· S⃗q = − Gq ≤ 0, Gq ≥ 0, (3.14)

where S⃗q is the entropic flux and Gq measures the entropy production due to collisions. In
the homogeneous case, where there is no flux, one has dH(q)/dt = −Gq ≤ 0. Relation (3.14)
constitutes the statement of the nonextensive H-Theorem [11]. The q-generalized functions
constitute the attractor to quasi-equilibrium. In the limit q → 1, the attractor becomes the
traditional Boltzmann-Gibbs distribution function. This generalization of the H-Theorem will
be useful to connect the formalism with the discussion of the results.

3.3 Cosmological observables in the nonextensive for-
malism at first order

To carry out the q-generalization of cosmology in the Early Universe, it is essential to use the
distribution function obtained in the previous section, Eq. (3.10), via the method of Lagrange
multipliers. With this, we begin the path toward the two models used in this thesis: one at
first order in (q − 1) and another using Eq. (3.10) exactly. In this section we use the first order
approximation.

3.3.1 Perturbative approximation of the distribution function
To evaluate the impact of nonextensivity on cosmological observables, it is convenient to work
with an analytically manageable form of the q-generalized distribution function (3.10). We
proceed to expand the distribution function fi,q in a Taylor series with respect to the parameter
(q −1). Truncating the series at first order, one obtains an expression that captures the leading
correction due to nonextensivity:

fi,q ≈ fi,q

∣∣∣∣∣
q=1

+ (q − 1)∂fi,q

∂q

∣∣∣∣∣
q=1

. (3.15)

The first term, fi,q

∣∣∣
q=1

, corresponds to the standard equilibrium distribution, fi,eq. The second
term involves the derivative of the q-generalized function. After performing the calculation and
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neglecting the chemical potential, µ ≪ T , for the reasons stated in the previous chapter, one
arrives at the following expression:

fi,q ≈ 1
eβEi + ξ

+ (q − 1)
2

(βEi)2eβEi

(eβEi + ξ)2 . (3.16)

This approximation is valid only in the regime where |q − 1| ≪ 1. Therefore, it should not be
interpreted as a reliable description for arbitrary values of q, but as a perturbative diagnostic
around the extensive limit. Equation (3.16) will be the fundamental tool for deriving the
modified forms of the number density, energy density, and other observables in the following
sections for the first order model.

Cosmological observables are computed from the q-generalized distribution functions, trun-
cated at first order in (q − 1).

3.3.2 Generalized Number and Energy Densities
To maintain uniform notation with the standard case, unless otherwise indicated, the chemical
potential is neglected, µ = 0. Using (2.13) and (2.14) together with (3.16), one obtains the
following expressions. Here, g denotes the number of internal degrees of freedom of the species,
m is the particle mass, and ζ is the Riemann zeta function.

Number density

nq(T ) =



ζ(3)
π2 g T 3 + g (q − 1)

2π2 12.98 T 3, bosons (Bose-Einstein), ξ = −1,

3
4

ζ(3)
π2 g T 3 + g (q − 1)

2π2 11.36 T 3, fermions (Fermi-Dirac), ξ = +1,

g
(

mT

2π

)3/2
e−m/T × C, Maxwell-Boltzmann, ξ = 0,

(3.17)

where the asymptotic approximation has already been used to reach the Boltzmann suppression
factor corresponding to MB statistics. C is defined as follows:

C =
[

1 + q − 1
2

(
15
4 + 3m

T
+ m2

T 2

)]
. (3.18)

Energy density

ρq(T ) =



π2

30 g T 4 + 30
π2 (1.04) g (q − 1) T 4, bosons (Bose-Einstein), ξ = −1,

7
8

π2

30 g T 4 + 30
π2 (0.97) g (q − 1) T 4, fermions (Fermi-Dirac), ξ = +1,

m nq(T ), Maxwell-Boltzmann, ξ = 0,

(3.19)

where in the last line the result for nq in (3.17) is used. For the total relativistic content at
common temperature one can introduce the compact notation of q-generalized effective degrees
of freedom,

g∗,q(T ) =
∑

bosons
gi

(
Ti

T

)4
+ 7

8
∑

fermions
gj

(
Tj

T

)4

+ (q − 1)
[
9.58

∑
bosons

gi

(
Ti

T

)4
+ 8.98

∑
fermions

gj

(
Tj

T

)4]
, (3.20)

with which the total relativistic energy density is written as [26]

ρq(T ) = π2

30 g∗,q T 4. (3.21)
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3.3.3 Entropy Density and Hubble Parameter
From the first law of thermodynamics and the standard definition, the entropy density is written
as

sq(T ) = ρq + Pq

T
, (3.22)

and in the relativistic regime, Pq ≃ ρq/3, it adopts the form

sq(T ) = ρq + ρq/3
T

= 2π2

45 g∗s,q T 3 , (3.23)

where g∗s,q denotes the effective degrees of freedom associated with entropy at first order in
(q − 1). For species with temperatures Ti (bosons) and Tj (fermions), the result is [26]

g∗s,q(T ) =
∑

bosons
gi

T 3
i

T 3 + 7
8

∑
fermions

gj

T 3
j

T 3 + 7.18 (q − 1)
[ ∑

bosons
gi

T 3
i

T 3 + 15
16

∑
fermions

gj

T 3
j

T 3

]
. (3.24)

In an adiabatically expanding Universe, the comoving entropy Sq ≡ sqa
3 remains approximately

constant, which justifies the use of dimensionless abundances Yq ≡ nq/sq.
Using the first Friedmann equation for a flat Universe (2.3) and the q-generalized relativistic

energy density (3.21), the expansion rate is obtained as

Hq(T ) =
√

8π3

90
T 2

MPl
g1/2

∗,q , (3.25)

which generalizes the standard Hubble parameter. This modification does not come from chang-
ing the Friedmann equation or the background cosmology itself. Instead, it arises because the
radiation energy density that sources the expansion is modified by the q-generalized distribu-
tion functions. Thus, in a flat radiation dominated Universe, the relation H2 ∝ ρ implies that
the replacement ρ → ρq induces the corresponding replacement H → Hq. In this expression,
nonextensivity is encapsulated in g∗,q, while g∗s,q controls the evolution of sq and Yq. These first
order corrections in (q − 1) clarify how nonextensivity systematically modifies the cosmological
ingredients involved in the Freeze-out calculation; see Appendix A.5 for more details.

3.4 Cosmological observables using the exact general-
ized distribution functions

In this section we carry out the generalization of the cosmological observables by using the
exact definition of generalized distribution functions within Tsallis statistics. We use the exact
q-exponential

eq(−z) =
[1 − (1 − q) z]

1
1−q , 1 − (1 − q) z > 0,

0, otherwise,
z ≡ E

T
, (3.26)

from which it follows that for q < 1 the support is compact, while for q > 1 power law tails
appear. Convergence of integrals in 3D requires q < 4/3 for number density and q < 5/4 for
energy density [23].

For q-generalized quantum statistics, FD and BE denote Fermi-Dirac and Bose-Einstein
statistics, respectively, while MB denotes Maxwell-Boltzmann statistics. We start from (3.10)
with µ ≃ 0 and use dimensionless variables

x ≡ m

T
, y ≡ p

T
,

E

T
=
√

y2 + x2, (3.27)
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so that p = y T and the measures acquire explicit factors of T . The limits in y are

ymax(x, q) =


√(

1
1−q

)2
− x2, q < 1,

∞, q ≥ 1.
(3.28)

Thus, if q > 1, power law tails appear in the distribution, while if q < 1, it presents compact
support, i.e., the variable cannot take values beyond a certain finite limit.

With these conventions, the exact thermodynamic observables are

nq(T ) = g

2π2 T 3
∫ ymax

0
y2 fq

(√
y2 + x2

)
dy, (3.29)

ρq(T ) = g

2π2 T 4
∫ ymax

0
y2
√

y2 + x2 fq

(√
y2 + x2

)
dy, (3.30)

Pq(T ) = g

6π2 T 4
∫ ymax

0

y4
√

y2 + x2 fq

(√
y2 + x2

)
dy. (3.31)

In the relativistic regime relevant for a radiation dominated Universe, the equation of state is
preserved as Pq ≃ ρq/3. Hence the entropy density is written as

sq(T ) = ρq(T ) + Pq(T )
T

= 2π2

45 g∗s,q(T ) T 3, (3.32)

while the total energy density can be written as

ρq(T ) = π2

30 g∗,q(T ) T 4. (3.33)

In the limit q → 1, expressions (3.29)-(3.33) reduce to the standard Boltzmann-Gibbs formulas
[19, 20]. While the exact formulation provides the complete physical picture, it is often useful
to analyze the system through a perturbative approach to isolate the leading-order effects of
nonextensivity.

3.5 Generalized Distribution Functions: First Order Ap-
proximation vs. Exact Formula

Before comparing the numerical behavior of the exact and perturbative distributions, we recall
that in the extensive limit q → 1 the q-generalized distribution reduces to the Boltzmann-Gibbs
expression

f(z) = 1
ez + ξ

, z ≡ βE, (3.34)

with ξ = −1 for BE, ξ = +1 for FD, and ξ = 0 for MB statistics.
It is necessary to compare (3.16) and (3.10) to ascertain the limitations of a first order model

with respect to the relative percentage error compared to the exact q-generalized distribution
function. This can be seen in Figs. 3.1 and 3.2, respectively.

The relative error between the exact distribution function and the first order approximation
in (q − 1) can become large over part of the range z ≡ βE, especially away from the strict
perturbative regime. This shows that the first order approximation is not appropriate for the
main numerical constraints when q deviates appreciably from unity. Consequently, the first
order model is kept as a diagnostic approximation, while the exact q-generalized distribution
will be used for the quantitative phenomenological analysis.
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Figure 3.1: q-generalized distributions with vanishing chemical potential, µ = 0, for the three
statistics of interest: Bose-Einstein (BE), Fermi-Dirac (FD), and Maxwell-Boltzmann (MB), as
functions of z ≡ βE. For each case, exact curves (solid lines) and the first order approximation
in (q − 1) (dotted lines) with q = {0.95, 1.0, 1.05} are shown. In the extensive limit q → 1 one
recovers f(z) = 1/(ez + ξ), with ξ = −1 (BE), ξ = +1 (FD), and ξ = 0 (MB).

Figure 3.2: Percent relative error of the first order approximation in (q − 1) with respect to the
exact q-generalized distribution, with µ = 0, for q = 0.95 and q = 1.05, in the BE, FD, and MB
statistics, as a function of z ≡ βE. The vertical axis is in logarithmic scale to simultaneously
highlight the small-error regime and the regions where the approximation loses validity.



Chapter 4

Freeze-out Models for WIMPs in a
nonextensive Universe

In this chapter a theoretical model is developed to study the decoupling, or Freeze-out, of
WIMP-type dark matter under the hypothesis of a nonextensive primordial Universe. The goal
is to build a formalism, based on Tsallis statistics, that generalizes the standard calculation
both at first order in (q − 1) and through the exact q-generalized distribution functions of
Eq. (3.10). The first order model is introduced as a diagnostic approximation, useful to iden-
tify analytically how the leading corrections enter the Freeze-out calculation. The exact model,
instead, is used as the main quantitative framework for the numerical observables and the ther-
mal decoupling of dark matter. The q-generalized Boltzmann equation and the q-generalized
thermally averaged cross section are presented1, establishing the framework for numerical sim-
ulation and comparative analysis with the Relic Abundance measured by Planck (2018) [4],
namely Ωch

2 = 0.120 ± 0.001. With this foundation, the numerical algorithms are built for the
thermal decoupling process in order to continue exploring the parameter space (a, b, mχ, q).

4.1 First Order Model
The starting point for the generalization is the Boltzmann equation in its standard form, pro-
moted to a nonextensive context. As a consequence, thermodynamic quantities such as number
density are transformed into their q-generalized analogues, nχ → nχ,q. The evolution equation
for the dark matter candidate χ is therefore:

ṅχ,q + 3Hqnχ,q = −⟨σv⟩q(n2
χ,q − n2

χ,q,eq). (4.1)

To isolate the effect of interactions from cosmic dilution, the change of variables to the Yield,
Yχ,q = nχ,q/sq, and to the inverse temperature variable, x = mχ/T , is performed. Here,
comoving entropy conservation is assumed as an effective way to formulate the generalized
Yield Yχ,q for WIMP dark matter. The procedure, analogous to the standard case, leads to:

dYχ,q

dx
= −⟨σv⟩q

sq

Hqx

(
Y 2

χ,q − Y 2
χ,q,eq

)
. (4.2)

Substituting the expressions for the entropy density, sq = (2π2/45)g∗s,qT
3, and for the Hubble

parameter, Hq = (
√

8π3/90)g1/2
∗,q T 2/MPl, the Boltzmann equation acquires its most explicit

1The term q-generalized Boltzmann equation is used in an effective sense. A full nonextensive collision
operator is not derived here; instead, the macroscopic quantities entering the standard freeze-out equation are
promoted to their q-generalized counterparts, A → Aq.
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form:
dYχ,q

dx
= −

√
π

45
g∗s,q√

g∗,q

mχMPl
⟨σv⟩q

x2

(
Y 2

χ,q − Y 2
χ,q,eq

)
. (4.3)

Given that the energy degrees of freedom g∗,q and the entropic ones g∗s,q are numerically very
similar in the epochs of interest, the approximation g∗s,q ≈ g∗,q can be used [27] to simplify the
expression. The final equation to be solved numerically is thus obtained:

dYχ,q

dx
= −

√
π

45g1/2
∗s,qmχMPl

⟨σv⟩q

x2

(
Y 2

χ,q − Y 2
χ,q,eq

)
. (4.4)

To solve the Boltzmann equation, it is necessary to model the thermally averaged cross section,
⟨σv⟩q. In this work, the partial-wave expansion is used to approximate Eq. (2.29) up to the
p-wave term2 [22]:

⟨σv⟩q ≈ a + b⟨v2
rel⟩q, (4.5)

where the parameters a and b quantify the intrinsic strength of s-wave and p-wave annihilations,
respectively. Nonextensivity manifests itself in the q-average of the relative squared velocity,
⟨v2

rel⟩q = 2⟨v2⟩q. This relation follows from

⟨v2
rel⟩ =

〈
|v1 − v2|2

〉
= ⟨v2

1⟩ + ⟨v2
2⟩ − 2⟨v1 · v2⟩. (4.6)

Assuming no initial directional correlation between the two incoming particles, ⟨v1 · v2⟩ = 0,
and assuming that both particles belong to the same species and the same thermal distribution,
one obtains

⟨v2
rel⟩ = 2⟨v2⟩. (4.7)

This relation is then promoted to the q-generalized prescription. The velocity average is com-
puted by integrating over the first order distribution:

⟨v2⟩q ≈
∫∞

0 v2e−E/T
(
1 + q−1

2
E2

T 2

)
d3v∫∞

0 e−E/T
(
1 + q−1

2
E2

T 2

)
d3v

. (4.8)

Solving this integral leads to the analytical result at first order in (q − 1):

⟨v2⟩q ≈ 3T

mχ

(
1 + 5

2(q − 1)
)

. (4.9)

Finally, the q-generalized thermally averaged cross section to be used in the approximate model
is:

⟨σv⟩q ≈ a + b
6T

mχ

(
1 + 5

2(q − 1)
)

. (4.10)

The effective and entropic degrees of freedom g∗,q and g∗s,q for the calculation take values
according to the transition epochs [1] as interpolated tables.

The asymptotic solution of this equation, Y∞,q, is the comoving abundance of frozen dark
matter. Assuming that in the q-generalized formalism the asymptotic Yield Y∞,q can be calcu-
lated numerically in the same way as in the standard case, it is connected to the current dark
matter abundance through the q-generalized analogue of Eq. (2.32):

Ωχ,qh
2 =

ρ0
χ,qh

2

ρ0
c

= mχs0Y∞,qh
2

ρ0
c

. (4.11)

This formalism is applied in the Python simulations for arbitrary values of q that remain
constant throughout the cooling of the Universe. This allows us to compare the first order
model with the exact model introduced next, where Eq. (3.10) is used exactly with µ = 0.

2This partial-wave form is a model-independent approximation to the thermal average. A complete particle-
physics implementation would require specifying the microscopic annihilation channel and computing the exact
thermally averaged cross section from the corresponding exact integral (2.29).
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4.2 Exact Model
In this section, a more complete model is developed for WIMP decoupling, based on the use
of the exact q-generalized distribution function (3.10), instead of its perturbative approxima-
tion. This approach allows one to obtain exact expressions for the q-generalized cosmological
observables (3.29)-(3.33). The structure of the resulting Boltzmann equation is analogous to
that of the previous model, preserving the same functional form of Eq. (4.4):

dYχ,q

dx
= −

√
π

45g1/2
∗s,qmχMPl

⟨σv⟩q

x2

(
Y 2

χ,q − Y 2
χ,q,eq

)
, (4.12)

where now g∗s,q, Yχ,q,eq, and ⟨σv⟩q must be evaluated using their exact non-perturbative integra-
tions. For the thermally averaged cross section, ⟨σv⟩q, the partial-wave expansion of Eq. (4.5) is
maintained. However, the observable ⟨v2⟩q is computed numerically using the exact distribution
in the form

⟨v2⟩q =

∫ ymax

0
y2
(

y√
y2 + x2

)2

eq

(
−
√

y2 + x2
)

dy∫ ymax

0
y2 eq

(
−
√

y2 + x2
)

dy
, (4.13)

where ymax is the maximum dimensionless momentum y = p/T allowed by the support of the
q-exponential eq.

We now describe the deformations of the cosmological background. We introduce the map-
ping

ρq(T ) = Rρ(q) ρ(T ), sq(T ) = Rρ(q) s(T ), (4.14)
so that g∗,q and g∗s,q reabsorb the variation of ρ and s induced by the q-generalized distribution,
in complete consistency with the first order analytical factorization; see Appendix A.6.1.

For an ultra-relativistic gas, with z ≡ βE = E/T and the exact q-exponential eq(−z), the
moment ratio reads

Rρ(q) ≡

∫ zmax

0
z3 eq(−z) dz∫ ∞

0
z3 e−z dz

= 1
6

∫ zmax

0
z3 eq(−z) dz,

where zmax =


1

1 − q
, q < 1,

∞, q ≥ 1,
(4.15)

which converges for q < 5/4 when q ≥ 1, since eq(−z) ∼ z−1/(q−1) and the integrand scales as
z3.3 A fully analogous deformation follows from the number density,

nq(T ) = Rn(q) n(T ), (4.16)

with the exact ultra-relativistic expression

Rn(q) ≡

∫ zmax

0
z2 eq(−z) dz∫ ∞

0
z2 e−z dz

= 1
2

∫ zmax

0
z2 eq(−z) dz, (4.17)

using the same zmax as above. For q ≥ 1 this integral converges for q < 4/3, since the integrand
scales as z2.4

3The factor Rρ(q) is derived in the ultrarelativistic regime and is used to deform the radiation background.
It is not applied as a multiplicative correction to the nonrelativistic WIMP equilibrium abundance.

4For q > 1, convergence is restricted by the power law tails of the exact q-exponential. For q < 1, the
compact support restricts the available phase space. Numerical results close to these boundaries must therefore
be interpreted with additional caution.
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Figure 4.1: Nonextensive rescalings of the thermal background and number den-
sity. The solid blue curve shows the radiation deformation Rρ(q) defined in Eq. (4.15), the
solid red curve shows the number-density deformation Rn(q) defined in Eq. (4.17). Both
Rρ and Rn are computed with the exact q-exponential, Rρ = (1/6)

∫ zmax
0 z3eq(−z) dz and

Rn = (1/2)
∫ zmax

0 z2eq(−z) dz, with zmax = 1/(1 − q) for q < 1 and zmax → ∞ for q ≥ 1;
convergence holds for q < 5/4 (energy) and q < 4/3 (number). At q = 1 all rescalings equal
unity (dash-dotted line), and the dotted vertical line marks the extensive limit.

These mappings are species-blind. To construct mappings that distinguish the statistics of
each species, namely fermions with ξ = +1 or bosons with ξ = −1, we define:

R(ξ)
n (q) ≡

∫ zmax

0

z2 dz

eq(z) + ξ∫ ∞

0

z2 dz

ez + ξ

, R(ξ)
ρ (q) ≡

∫ zmax

0

z3 dz

eq(z) + ξ∫ ∞

0

z3 dz

ez + ξ

. (4.18)

For simplification purposes, the entire background is rescaled with no species distinction. How-
ever, in the bounds for q, an important distinction will be made. Both integrals converge for
q < 4/3 and q < 5/4, respectively. See Appendix A.6.1 for related mappings.

Figure 4.1 shows how Rn(q) and Rρ(q) behave as functions of q, while Fig. 4.2 shows how the
rescalings using quantum distributions behave as functions of q. Both rescalings are constructed
in the ultra-relativistic regime, where E/T ≡ z ≡ p/T .5

In the relativistic regime, Eqs. (2.20) and (2.21) imply sq/s = Rρ(q) and therefore

g∗,q(T ) = Rρ(q) g∗(T ), g∗s,q(T ) = Rρ(q) g∗s(T ), (4.19)

which corresponds to a vertical rescaling of the curves g∗(T ) and g∗s(T ). Their shapes, including
threshold positions from Standard Model masses and thermal transitions such as QCD, are

5Note on rescalings: A single convention for the q-exponentials with heavy tails for q > 1, eq(z) =
[1 + (q − 1)z]1/(q−1) is used consistently; switching convention can invert the trends and must be avoided.
The construction is ultrarelativistic (UR) and near-equilibrium (massless kinematics, well-defined temperature,
negligible chemical potentials), so q enters through dimensionless prefactors Rn(q) and Rρ(q) multiplying the
standard integrals for analytic simplicity. When a universal background scaling suffices and quantum ±1 correc-
tions are subleading, use indistinguishable/MB rescalings (ξ = 0). When the observable depends on statistical
character or relative weighting between species, use species-aware rescalings that distinguish BE and FD.
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(a) Bosons (BE): RBE
ρ (q), RBE

n (q). (b) Fermions (FD): RFD
ρ (q), RFD

n (q).

Figure 4.2: Species-aware rescalings as a function of q. Blue: Rρ; red: Rn. The dash-dot
horizontal line marks R = 1 and the dotted vertical line marks q = 1, considering µ ≃ 0. The
number density species-aware integrals converge for q < 4/3 and the energy density species-
aware integrals converge for q < 5/4.

unchanged, since the particle spectrum is unmodified and only the normalization of energy
and entropy at fixed temperature is deformed. The rescaling factors are derived in the ultra-
relativistic regime and are used in this work only to describe how the radiation bath is deformed.
When WIMPs are non-relativistic, each deformed macroscopic quantity must be calculated by
using the corresponding exact integral.

The Hubble rate in a flat Universe reads

H =
√

8π

3

√
ρ

MPl
, (4.20)

hence in the nonextensive background

Hq(T ) =
√

8π

3

√
ρq(T )
MPl

=
√

Rρ(q) H(T ). (4.21)

This is not a modification of the Friedmann equation itself. It is the standard Friedmann
relation evaluated with the q-deformed radiation energy density, ρq(T ) = Rρ(q)ρ(T ). Thus, the
gravitational dynamics are not modified; only the thermodynamic source term is rescaled.

The yield is kept as Yq ≡ nq/sq without additional rescalings. The only background mod-
ification relevant here is Hq =

√
Rρ(q) H. The equilibrium density nχ,eq,q is obtained from

the exact nonrelativistic phase-space integral, not from the ultra-relativistic rescaling Rn. The
collision term uses the q-generalized thermal average ⟨σv⟩q ≈ a + b ⟨v2

rel⟩q, with ⟨v2⟩q explicitly
defined in Eq. (4.13).

Unlike the first order model in (q − 1), the use of exact functions makes a purely analytical
treatment unfeasible. Therefore, it is more appropriate to use numerical methods for the
analysis, from the computation of observables to the final solution of the Boltzmann equation.

Starting from the condition equating the q-deformed annihilation rate to the q-deformed
expansion rate at Tf ,

Γann,q(Tf ) ≃ Hq(Tf ), Γann,q ≡ nχ,eq,q(Tf ) ⟨σv⟩q(Tf ), (4.22)

and adopting the partial-wave ansatz (4.5), together with the q-rescaled Hubble rate

Hq(T ) =
√

Rρ(q) H(T ), (4.23)
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one obtains the q-logarithmic transcendental equation for xf ≡ mχ/Tf :

xf (q) ≃ lnq

 gχ MPl mχ

1.66 (2π)3/2
√

g∗(Tf ) Rρ(q)

(
a + b ⟨v2

rel⟩q

)√
xf (q)

, (4.24)

where gχ is the internal multiplicity of the WIMP, mχ its mass, g∗(Tf ) the effective relativis-
tic degrees of freedom evaluated at Tf , Rρ(q) the nonextensive deformation of the radiation
background defined in Eq. (4.15), and a and b are the s- and p-wave coefficients entering the
q-generalized thermally averaged annihilation cross section ⟨σv⟩q. The factor ⟨v2

rel⟩q is the
q-generalized thermal average of the squared relative velocity, evaluated self consistently at
Freeze-out.

Freeze-out takes place in the nonrelativistic regime, x ≡ mχ/T ≳ O(20), so we do not
apply any ultrarelativistic number density map in this computation. The equilibrium density
that enters Γann,q is obtained from the exact q-generalized phase-space integral of Eq. (3.29),
evaluated in the NR limit relevant for decoupling, while the only background rescaling that
survives in the Hubble rate is the energy-density factor Hq =

√
Rρ(q) H with Rρ(q) defined in

Eq. (4.15). In other words, the q-logarithmic structure in Eq. (4.24) comes solely from using the
q-exponential equilibrium distribution in the annihilation rate and from inverting the Freeze-
out condition with the q-logarithm, not from any UR number-density rescaling. The detailed
derivation is provided in Appendix A.6.2.



Chapter 5

Deforming the Neutrino Sector

Once the q-generalized framework for WIMP Freeze-out based on nonextensive statistical me-
chanics has been constructed, it is natural to look for a phenomenological way to restrict the
nonextensive parameter q using Early Universe observables. The purpose of this chapter is to
construct an independent radiation era probe of q. While the Relic Abundance is degenerate
with the WIMP annihilation parameters, the neutrino contribution to Neff provides a more
direct way to test deformations of the relativistic plasma near the MeV scale.

In this chapter, a minimal and phenomenological hypothesis is adopted: to deform only the
neutrino sector through the fermionic rescaling RFD

ρ (q) in the energy density, see Eq. (4.18),
while keeping the photon sector without an explicit deformation. This is done in the epoch in
which the radiation content is essentially dominated by photons and neutrinos, namely after
the reheating associated with electron-positron annihilation [19]. The physical reason is that
neutrinos decouple at energies of order MeV and may retain a residual nonextensive imprint
that can be parametrized effectively from the primordial plasma, while photons continue to
rethermalize and their standard description is preserved. In addition, this choice allows the
nonextensive deformation to be mapped directly onto the observable Neff , avoiding modifica-
tions of the standard parametrization through which BBN and CMB describe the radiation
content, and reducing unnecessary degeneracies that would appear if the whole radiation back-
ground were deformed at the same time.

5.1 Standard parametrization of the radiation
The radiation content in this epoch is parameterized as a sum of the neutrino and photon
energy density contributions:

ρr = ργ + ρν = ργ

(
1 + k Neff

)
, (5.1)

where ργ is the photon energy density,

k = 7
8

( 4
11

)4/3
, (5.2)

is the factor that contains the Fermi-Dirac contribution (7/8) and the photon reheating factor
(4/11)4/3 originated from electron-positron annihilation, and Neff is the effective number of
neutrino species. As a reference value, we take the Standard Model prediction

N std
eff = 3.0440 ± 0.0002, (5.3)

which includes the standard corrections from non-instantaneous neutrino decoupling and finite-
temperature effects [13]. Equation (5.1) provides the baseline radiation parametrization that
we deform within the nonextensive framework.
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In this work, N std
eff is not recomputed. It is used as the standard theoretical reference value

around which the nonextensive shift is defined. Therefore, the role of the Tsallis parameter q is
to encode an additional effective departure1 from the Boltzmann-Gibbs baseline, not to replace
the standard neutrino decoupling calculation.

5.2 How the Neutrino Sector is Deformed
The deformation introduced here is deliberately minimal. Instead of modifying the full elec-
tromagnetic plasma and the neutrino decoupling history simultaneously, we keep the photon
sector fixed and assign the nonextensive correction only to the effective neutrino contribution.
This choice isolates the impact of the deformation on Neff , which is directly constrained by
CMB+BAO and can also be compared phenomenologically with inferred BBN values.

Using the fermionic radiation rescaling induced by nonextensivity, RFD
ρ (q), which is defined

in Eq. (4.18), and considering fixed photons plus a rescaling of neutrinos only, we define2

∆Neff(q) ≡ N̂eff(q) − N std
eff =

[
RFD

ν (q) − 1
]

N std
eff . (5.4)

Here, the hat in N̂eff(q) denotes the model prediction obtained after applying the nonextensive
deformation, in contrast with the standard theoretical reference value N std

eff and the observa-
tionally inferred values. The corresponding energy densities are written as

ργ,q = ργ, ρν,q = RFD
ν (q)ρstd

ν . (5.5)

This prescription has a clear analytical advantage: it gives a one-to-one mapping between
the nonextensive parameter q and the shift ∆Neff . It affects only the effective neutrino radiation
contribution and preserves the standard observational parametrization of the radiation density
[28]. Moreover, the photon thermodynamics is not modified, which avoids changing the photon
temperature, the definition of the CMB temperature, and the electromagnetic thermal history
relevant for recombination.

The extensive limit is recovered exactly. Since

lim
q→1

RFD
ν (q) = 1, (5.6)

one obtains
lim
q→1

N̂eff(q) = N std
eff , lim

q→1
∆Neff(q) = 0. (5.7)

Therefore, the deformation does not introduce a new radiation component. It only rescales the
standard neutrino contribution by a factor fixed by the nonextensive distribution.

The validity of this mapping relies on the following assumptions: (i) the deformation is flavor
universal, (ii) neutrinos are treated as ultrarelativistic during the relevant epoch, (iii) the photon
bath is kept standard after electromagnetic rethermalization in order to avoid tensions with
CMB physics, (iv) the standard temperature ratio Tν/Tγ = (4/11)1/3 is used as the baseline,
and (v) the deformation is sufficiently small near the MeV scale so that the standard thermal
history remains the appropriate reference background. A full treatment beyond this effective

1Note: Flavor-dependent nonextensivity is not assumed here, since we adopt a minimal and phenomenological
deformation of the neutrino sector. Equivalently, q is not interpreted as originating from a specific microscopic
flavor model, but as an effective parameter controlling possible residual departures from extensivity in the
decoupled relativistic sector.

2This mapping is an effective one parameter deformation of the neutrino radiation density. It does not
include a full calculation of neutrino decoupling, finite-temperature QED corrections, or spectral distortions.



45

Table 5.1: Summary of the data used in the analysis. The cold dark matter abundance is
included because it is used in the WIMP relic-abundance sector of this thesis.

Observable Symbol Value (1σ) Experiment/Dataset

Effective radiation (CMB+BAO) NCMB
eff 2.99 ± 0.17 Planck 2018 + BAO [4]

Effective radiation (BBN) NBBN
eff 2.88 ± 0.16 BBN primordial abundances [10]

Cold Dark Matter density (CMB) Ωch
2 0.120 ± 0.001 Planck 2018, base ΛCDM [4]

Theoretical reference (SM) N std
eff 3.0440 ± 0.0002 Neutrino decoupling [13]

mapping would require solving the neutrino decoupling kinetic equations with a nonextensive
collision operator, which is beyond the scope of this thesis.3

The observational inputs used in this analysis are summarized in Table 5.1. The BBN
Gaussian prior is used only as an illustrative phenomenological input. A robust BBN constraint
would require computing light element abundances, weak interaction rates, the neutron to
proton ratio, and the nuclear reaction network.

We model ∆Neff(q) as a function of q and visualize the allowed regions under the 1σ intervals
of NCMB

eff and NBBN
eff . With this in hand, we perform a combined χ2 analysis using the BBN

and CMB+BAO measurements listed in Table 5.1; for more details, see Appendix B.2.
It is important to stress that N std

eff is not treated as an additional observational value, in the
χ2 analysis. It is used only as the theoretical reference value around which the nonextensive
shift is defined. The experimental constraints are those associated with BBN and CMB+BAO.
The cold dark matter abundance in Table 5.1 is used in the relic-abundance analysis of the
WIMP sector. The phenomenological restrictions on q from the deformed neutrino sector are
obtained from NCMB

eff , with NBBN
eff used as an illustrative comparison.

3Neutrino kinetic decoupling and BBN abundance evolution are related Early Universe problems, but they
are not the same calculation. The former concerns the evolution of the neutrino distribution functions, entropy
transfer, and spectral distortions, while the latter concerns weak rates and nuclear abundances.



Chapter 6

Results and discussion for constant q

This chapter presents the main results for the constant-q scenario, comparing the first order
and exact nonextensive frameworks in WIMP Freeze-out and Relic Abundance. The first order
treatment is shown only as a diagnostic approximation, since it is not sufficiently accurate for
the quantitative analysis. The exact model provides the main basis for the phenomenological
results. Within the exact description, the Relic Abundance remains strongly degenerate with
the annihilation parameters, because the setup is model independent. Therefore, Ωχ,qh

2 should
be interpreted mainly as a consistency test of the nonextensive Freeze-out framework, while the
most direct constraint on q comes from the radiation era observable ∆Neff through a deformed
neutrino sector.

The chapter is organized as follows:

• We solve the Boltzmann equation for Yq(x) and show its behavior as a function of the di-
mensionless parameter x for different values of q, considering a WIMP with mass 100 GeV
in the first order and exact models; see Fig. 6.1.

• We show the Relic Abundance Ωχ,qh
2 as a function of the WIMP mass mχ for different

values of q in the first order and exact models; see Fig. 6.2. We also show the Freeze-out
point xf = mχ/Tf as a function of mχ for different values of q; see Fig. 6.3.

• We study the decoupling point from the q-generalized transcendental equation. Using
the q-logarithmic equation implied by Γann,q ≃ Hq with an s+p partial-wave ansatz, we
solve for xf (q) on a grid of q at fixed masses mχ = {100, 500, 1000} GeV; see Fig. 6.4. We
also study the sensitivity of the parameter space using a χ2 fit from the observed Relic
Abundance; see Figs. 6.6–6.11.

• We quantify the effects of nonextensivity in the primordial plasma through Rρ(q) by
studying the relativistic degrees of freedom using interpolated tables for g∗,q and g∗s,q at
different values of q; see Fig. 6.5.

• We compare the theory with the observational data of BBN and CMB+BAO given in
Table 5.1 by parameterizing radiation through the effective number of neutrinos. We
plot the variation ∆Neff(q) induced by the factor RFD

ν (q) in the deformed neutrino sector,
construct χ2

Neff
with observational data, and obtain phenomenological constraints on q

through confidence levels; see Figs. 6.12, 6.13, 6.14a, 6.14b, and Table 6.1.

• We interpret the results and discuss two motivated extensions: a Multi-component dark
matter interpretation of under-abundant regions and a dynamical relaxation model in
which q is promoted to q(T ), recovering extensivity or near-extensivity before BBN. The
parameter-space regions are shown in Figs. 6.15, 6.16, and 6.17 for the s-wave dominated
scenario, and in Figs. 6.18, 6.19, and 6.20 for the p-wave dominated scenario.

46
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6.1 Freeze-out with Arbitrary q: First Order and Exact
In this section we present the results of the effective generalized Freeze-out calculation in the
first order and exact prescriptions. The purpose is not to claim evidence for q ̸= 1 from the
Relic Abundance alone, but to identify how the nonextensive parameter modifies the Freeze-out
dynamics and where the first order approximation loses reliability.

6.1.1 Comoving Abundance and decoupling

(a) First order approximation.

(b) Exact model.

Figure 6.1: Freeze-out for mχ = 100 GeV: comparison between the first order approximation
and the exact model. In both, gχ = 4, a = 1.825 × 10−9 GeV−2 and b = 1.05 × 10−9 GeV−2

are considered. The black dashed line is the value measured by the Planck satellite, Ωch
2 =

0.120 ± 0.001.
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As shown in Fig. 6.1, WIMP decoupling occurs later when q > 1, corresponding to larger xf

and therefore smaller Tf for fixed mass, and earlier when q < 1, corresponding to smaller xf

and therefore larger Tf . This behavior appears in both models. However, the first order scheme
does not accurately reproduce the exact behavior: the approximate distribution function used
in (3.16) induces biases in the estimation of xf and in the trajectory of Yq(x), as seen in Fig. 3.1.
Consequently, first order predictions about the shift of Freeze-out with q should be interpreted
with caution. The exact model is the one used for the quantitative interpretation because it
consistently captures the power law tails for q > 1 and the compact support for q < 1.

6.1.2 Relic Abundance versus WIMP mass

(a) First order approximation.

(b) Exact model.

Figure 6.2: Relic Abundance Ωχ,qh
2 vs. mass mχ for different q (gχ = 4). The first order

approximation and the exact model are shown, respectively. The shaded band and dashed line
indicate, respectively, the ±3σ region and the central Planck value with the same annihilation
parameters as in Fig. 6.1.

Figure 6.2 shows that, for fixed annihilation parameters, the Relic Abundance Ωχ,qh
2 changes

with both q and mχ. The standard case q = 1 remains the natural reference point, while
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deviations from q = 1 modify the thermal history and can move the prediction away from the
observed value. This does not by itself exclude q ̸= 1, because the annihilation parameters are
model dependent and can shift the allowed region.

The figure also shows a marked drop when the mass mχ is such that the decoupling tem-
perature Tf ≃ mχ/xf enters the QCD crossover region, T ∼ 150-170 MeV. In that interval
the plasma equation of state changes rapidly and the effective degrees of freedom g∗,q(T ) and
g∗s,q(T ), see Fig. 6.5, decrease notably, altering both Hq ∝ √

g∗,q T 2 and sq ∝ g∗s,q T 3 in the
Boltzmann equation. Since around Freeze-out one approximately has Y∞,q ∼ Hq/(sq ⟨σv⟩q),
a reduction of g∗,q and g∗s,q translates into a visible decrease of Ωχ,qh

2. This effect is purely
thermodynamic, intrinsic to the QCD plasma, and should not be confused with the opening or
closing of annihilation channels [29, 30].

(a) First order approximation.

(b) Exact model.

Figure 6.3: Decoupling xf ≡ mχ/Tf as a function of mχ for {q = 0.9, 0.95, 1.0, 1.05, 1.08}
numerically calculated from the Boltzmann Equation algorithm.



50

6.1.3 Freeze-out point versus WIMP mass
To study how the parameter q affects the decoupling point xf without modeling the full process
in Fig. 6.1 for all masses, we plot xf versus mχ for values of q greater and smaller than unity.

As seen in Fig. 6.3, the first order scheme shows an asymmetric behavior in q. For q < 1,
the approximately logarithmic scaling of xf with the mass mχ is attenuated, whereas for q > 1
the effect is closer to a mild rescaling of the xf (mχ) relation. In contrast, the exact model more
clearly shows the consequences of nonextensivity: for q > 1, the power law tails increase the
slope and dispersion of the Freeze-out locus in the (mχ, xf ) plane; for q < 1, the compact support
mitigates the variation of xf with mχ, although without the marked suppression introduced by
the first order expansion.

This means that the mass mχ and the Freeze-out temperature Tf do not scale in the same
way. Due to the logarithmic behavior of the decoupling condition, mχ grows faster than Tf .
Consequently, for heavier masses, the decoupling temperature Tf occurs earlier in the thermal
history when larger values of q are chosen.

Limitations of the first order model. The analysis developed in the previous subsections
shows that the first order scheme is not sufficiently accurate for the phenomenological analysis
performed in this work. Therefore, the main results are based on the exact q-distribution model.
In particular, the approximation derived from (3.16) does not offer the necessary fidelity to
reliably characterize the effects of nonextensivity in the Early Universe. Consequently, from
this point onward the numerical results and conclusions are based on the exact model.

6.1.4 Freeze-out point from the q-generalized transcendental equa-
tion

We determine the decoupling point by solving the q-generalized transcendental condition,
Eq. (4.24), consistently with the exact q-exponential used in the phase-space distributions.
Figure 6.4 shows xf (q) for mχ = {100, 500, 1000} GeV together with the canonical band 15 ≤

Figure 6.4: Freeze-out parameter xf versus nonextensivity q for fixed WIMP masses
(mχ = {100, 500, 1000} GeV). Curves are obtained by solving the q-generalized transcendental
condition Eq. 4.24, Rρ(q) computed from the exact q-exponential, and ⟨σv⟩q ≈ a + b ⟨v2

rel⟩q.
The grey band indicates a “canonical” range 15 ≤ xf ≤ 35. For fixed mχ, xf grows with q,
reflecting the nonlinear q-logarithmic inversion that dominates over the Hq increase.
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xf ≤ 35. For fixed mass, xf increases monotonically with q: although Hq ∝
√

Rρ(q) also
grows with q, which by itself would tend to reduce xf , the q-logarithmic inversion in Eq. (4.24)
dominates in the relevant range and produces a net increase of xf . The same pattern holds
when setting b = 0, which shows that the main driver is the lnq inversion rather than the
p-wave term. This agrees with the Freeze-out points obtained from the q-Boltzmann solver;
see Fig. 6.3. In the implementation we keep only the radiation-background rescaling through
Rρ(q), i.e. Hq =

√
Rρ(q) H, while the nonrelativistic equilibrium density nχ,eq is left unmodified

at Freeze-out. For q > 1, the exact q-exponential eq(−z), with z ≡ E/T , develops power law
tails, Eq. (3.26), which increase the velocity moments entering ⟨σv⟩q = a + b ⟨v2⟩q, Eqs. (4.5)
and (4.13). Together with the background rescaling Hq =

√
Rρ(q) H, Eqs. (4.19) and (3.25),

the net effect in Eq. (4.24) is an increase of xf .
For q < 1, eq(−z) vanishes for z ≥ zmax = 1/(1−q), Eqs. (3.26) and (3.28), which suppresses

the velocity moments entering ⟨σv⟩q, while Rρ(q) < 1 implies Hq =
√

Rρ(q) H < H, Eqs. (4.19)
and (3.25). With nχ,eq,q kept in its nonrelativistic form, the reduction in Γann,q ∼ nχ,eq,q ⟨σv⟩q

(a) g∗,q(T ) (effective).

(b) g∗s,q(T ) (entropic).

Figure 6.5: Degrees of freedom in the plasma with q-statistics. We show q = 1 and
q = {0.95, 1.05}. In our convention g∗,q(T ) = Rρ(q) g∗(T ) and g∗s,q(T ) = Rρ(q) g∗s(T ); the main
thermal transitions (EW, QCD crossover, BBN, e±, ν) are indicated [1]. Valid for q < 5/4.
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arises through ⟨σv⟩q and dominates over the decrease of Hq, so Γann,q/Hq drops below unity at
higher temperatures and decoupling occurs earlier as q decreases.

6.1.5 Degrees of freedom of the primordial plasma
Figure 6.5 shows the evolution of the effective g∗,q and entropic g∗s,q degrees of freedom in the
q-generalized framework. While the thermal transitions of the Standard Model are preserved,
the factor Rρ(q) introduces a vertical rescaling of the curves. This effect requires care in its
physical interpretation, because it can mimic a change in the number of relativistic particle
species present in the primordial plasma. This point is discussed further in connection with
the Neff restriction on q and the motivation for a relaxation model. Note that the entropic
degrees of freedom differ slightly from the effective ones when electron-positron annihilation
occurs because it injects heat and entropy into the photon background; this can be seen in the
tables in Appendix B.1.

6.1.6 Impact of nonextensivity through statistical analysis
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Figure 6.6: Absolute χ2(q) profiles at fixed cross section (mass scan). Smoothed curves
for several mχ values illustrate the global fit structure and the approximate degeneracy in q when
only Ωch

2 is used as constraint; the common minimum indicates nearly equivalent solutions
across masses. A representative fixed thermally averaged cross section ⟨σv⟩q = 2 × 10−9GeV−2

was used.

To assess how nonextensivity impacts the results, we perform a simple statistical analysis
against the observed Relic Abundance. In our model independent setup, multiple combina-
tions (a, q, mχ) can reproduce the Planck value Ωχ,qh

2 = 0.120 ± 0.001 (see Table 5.1), so the
constraint from a single observable is underdetermined in the three-dimensional space. Con-
sequently, the global minimum of a χ2 fit is not unique but organized along a valley of nearly
equivalent solutions.

To explore the parameter space, we take the simplest case, s-wave domination, and perform
two complementary scans. At fixed annihilation cross section ⟨σv⟩, χ2(q) is evaluated on a grid
in q for a list of WIMP masses mχ. At fixed mass mχ, χ2(q) is computed for a list of cross
sections ⟨σv⟩. These two slices make the (q, mχ, a) landscape tractable, revealing the sensitivity
of the Relic Abundance under parameter modifications. The results of both scans can be seen
in Figs. 6.6, 6.7, 6.8, and 6.9.
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Figure 6.7: Profile likelihood ∆χ2(q) (mass scan). We show ∆χ2(q) = χ2(q) − χ2
min for the

same masses as above. Horizontal lines mark the 68%, 95%, and 99% confidence levels for one
effective parameter, defining the allowed q intervals around qbest.
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Figure 6.8: Absolute χ2(q) profiles at fixed mass (cross-section scan). For a repre-
sentative mχ = 100 GeV, curves are shown for different s-wave amplitudes a ≡ ⟨σv⟩s-wave (in
GeV−2). The smoothing highlights a valley of nearly equivalent (q, a) solutions reproducing
Ωχh2, underscoring the role of a as a nuisance parameter in a model independent setup.

In the scans, nonextensivity is markedly more sensitive to variations of the thermally aver-
aged annihilation cross section ⟨σv⟩q than to the WIMP mass. At fixed mχ, the absolute and
profile curves versus q exhibit separated minima for different a-values, where a is the s-wave
amplitude; see Figs. 6.8 and 6.9. This indicates that modest changes in a shift the preferred
q, reflecting a pronounced (q, a) trade-off: a behaves as a nuisance parameter that traces an
extended valley of nearly degenerate solutions reproducing Ωch

2. In contrast, when ⟨σv⟩q is
held fixed and only mχ varies, the corresponding minima cluster tightly and the ∆χ2 bands
overlap broadly, keeping the preferred q close to the extensive limit q ≃ 1; see Figs. 6.6 and
6.7. Physically, at fixed a, the mass mainly enters through the logarithmic dependence of the
Freeze-out parameter xf , whereas changing a directly rescales the annihilation rate and thus the
Relic Abundance normalization, which couples more strongly to q. This scan is structured this
way because the dark matter mass and annihilation cross section are currently unconstrained
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Figure 6.9: Profile likelihood ∆χ2(q) (cross-section scan). The ∆χ2(q) curves correspond-
ing to the previous panel are shown with 68%, 95%, and 99% confidence-level lines, from which
the confidence intervals in q are read for each choice of a. The compatible solutions trace
an extended (q, a) valley, showing that the Relic Abundance alone does not provide a unique
constraint on q.
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Figure 6.10: Profile likelihood ∆χ2(q) (mass scan, centered). We show ∆χ2(q) ≡
χ2(q)−χ2

min for mχ = {50, 100, 500, 1000, 2000} GeV with the horizontal axis centered at q−qbest.
Horizontal lines indicate the 68%, 95%, and 99% confidence levels for one effective parameter.
The clustering of minima across masses keeps the favored q close to the extensive limit, consis-
tent with the weak mass sensitivity discussed in the text.

experimentally; independent measurements would reduce these degeneracies.
The differing widths of the ∆χ2(q) profiles in the mass and cross-section scans indicate

that the standard Freeze-out hierarchy is retained: variations in the thermally averaged cross
section ⟨σv⟩q are the primary lever modifying the Relic Abundance, whereas changes in mχ

mainly shift the minimum without appreciably broadening the profile. To visualize this point,
we center the curves in Figs. 6.10 and 6.11 by defining ∆q ≡ q − qbest, where qbest is the best
value of q that reproduces the observed Relic Abundance Ωch

2 = 0.120 ± 0.001 in each case.
The main feature of this statistical analysis is that the Relic Abundance does not provide

a robust and unique constraint on the nonextensive parameter q by itself. In a model inde-
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Figure 6.11: Profile likelihood ∆χ2(q) (cross-section scan, centered). For mχ = 100 GeV,
curves correspond to different s-wave amplitudes a (legend shows ⟨σv⟩q values in GeV−2); the
horizontal axis is centered at q − qbest. Modest changes in a shift the preferred q by amounts
larger than the 68-95% bands, tracing an extended (q, a) valley of nearly degenerate solutions.
Horizontal lines denote the 68%, 95%, and 99% confidence levels.

pendent setup, different combinations of (q, a, b, mχ) can reproduce the observed value of Ωch
2,

generating degeneracies in the parameter space. Therefore, Relic Abundance data alone should
be interpreted primarily as a consistency test of the nonextensive Freeze-out framework rather
than as evidence for a particular value of q.

6.1.7 Results and Constraints on q from a deformed neutrino sector
by using BBN and CMB-BAO Data

At this point, the statistical analysis based on Relic Abundance alone remains affected by the
intrinsic degeneracy between nonextensivity and annihilation microphysics. For this reason, it
is necessary to move to an observable that probes the radiation background more directly. This
motivates the next step of the analysis, namely the mapping of the nonextensive deformation
onto ∆Neff through a deformed neutrino sector.

Table 6.1 summarizes the intervals with respect to the confidence levels for the nonexten-
sivity parameter q via an upper and lower bound and a best fit given by qbest from a χ2-type
fit1 combining the CMB+BAO and BBN data of Table 5.1. These results and Figs. 6.14a and
6.14b constrain the nonextensive parameter to lie very close to the extensive limit q = 1; small
departures remain allowed within the quoted confidence intervals.

It is useful to clarify the statistical meaning of this fit. In the deformed neutrino sector
analysis, the only free phenomenological parameter is the Tsallis parameter q, while N std

eff is
kept fixed as the theoretical reference value and is not treated as an additional data. The
observables entering the combined fit are the BBN and CMB+BAO determinations of Neff
listed in Table 5.1. Therefore, for the combined analysis one has two observational inputs and
one free parameter, leaving one effective degree of freedom. In contrast, the separate BBN and

1The χ2
BBN(q) and χ2

CMB+BAO(q) profiles are symmetric in the residuals involving N std
eff + ∆Neff(q), but

they are not required to be symmetric as functions of q. In this work, the dependence on q enters through
∆Neff(q) =

[
RFD

ν (q) − 1
]

N std
eff , where RFD

ν (q) is obtained from the exact q-deformed fermionic distribution.
Since q > 1 gives power-law tails while q < 1 gives compact-support behavior, both regimes are not mirror
deformations around q = 1. Therefore, ∆χ2

Neff
(q) can be asymmetric in q, and the shift of qbest toward q < 1

follows from the fact that the central values of NBBN
eff and NCMB

eff used here lie below N std
eff = 3.044.
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Figure 6.12: Nonextensive prediction for ∆Neff(q) (black curve) from the neutrino
rescaling RFD

ν (q), using ∆Neff(q) = (RFD
ν (q) − 1)N std

eff with k = 7
8(4/11)4/3 and N std

eff = 3.044.
The horizontal bands show the 1σ regions of BBN (blue, ±0.16) and CMB+BAO (orange,
±0.17). Values of q compatible at 1σ with both sets are those where the black curve falls
within the intersection of both bands.

Figure 6.13: Curves of χ2 vs. q from Neff . The blue and orange curves correspond to χ2
BBN(q)

and χ2
CMB+BAO(q), respectively. The vertical dotted lines indicate the minima: qBBN

best = 0.9945
and qCMB

best = 0.9982. Both datasets favor values close to the extensive limit q = 1.

CMB+BAO profiles contain one value and one fitted parameter, so they should be interpreted
mainly as one parameter likelihood profiles for q, rather than as independent goodness of fit
tests. This is different from the Relic Abundance analysis, where the observable Ωχ,qh

2 depends
simultaneously on q, mχ, and the annihilation parameters a and b. In that case, one observable
cannot isolate the effect of q because variations in the annihilation microphysics can compensate
changes in the nonextensive background. The Neff analysis is therefore less degenerate: once
the effective neutrino-sector prescription is fixed, the shift ∆Neff(q) is controlled only by q.
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(a) ∆χ2
Neff

(q) curve for the deformed neu-
trino sector. Confidence levels 68%, 95%, and
99% (horizontal lines) and the corresponding in-
tervals in q (shaded bands) around the minimum
qbest are shown; the gray line marks q = 1.

(b) ∆χ2
Neff

(q) for the deformed neutrino sec-
tor. Confidence levels 68%, 95%, and 99% (hor-
izontal lines) and the corresponding intervals in
q (shaded bands) around the minimum qbest are
shown; the gray line marks q = 1.

Figure 6.14: χ2-type fit to constrain the Tsallis Parameter q by finding its best value:
the left panel shows ∆χ2

Neff
as a function of q, while the right panel shows a zoom around the

best value qbest.

This is why radiation era observables provide a cleaner phenomenological restriction on the
nonextensive parameter than the Relic Abundance alone.

It is important to stress that the best-fit values slightly different from unity should not be
interpreted as evidence for q ̸= 1. The allowed regions remain close to the extensive case, and
q = 1 is not excluded at the quoted confidence levels. In this analysis, q is interpreted as an
effective parameter encoding possible long range interactions, correlations, or memory effects in
the early plasma. For more details of the construction of the fit, see Appendix B.2. Therefore,
this analysis suggests that small residual nonextensive effects in the neutrino sector are not
excluded by the data used in Table 5.1, but it does not establish evidence for nonextensivity.

Table 6.1: Constraints obtained for q and the best-fit minimum for BBN and CMB+BAO.

Dataset qbest 68% CL 95% CL 99% CL

BBN 0.9945 [0.9888, 0.9998] [0.9825, 1.005] [0.9785, 1.008]
CMB+BAO 0.9983 [0.9925, 1.004] [0.9863, 1.009] [0.9820, 1.012]
Combined 0.9962 [0.9927, 1.000] [0.9891, 1.004] [0.9868, 1.006]

Taking the largest deviation from qbest in the combined χ2 analysis in Table 6.1, we have

|q − 1| ≤ 1.09 × 10−2 (95% CL), (6.1)

|q − 1| ≤ 1.32 × 10−2 (99% CL), (6.2)
which define the phenomenological intervals obtained in this work for the nonextensive param-
eter q at T ∼ 1 MeV or later epochs from a deformed neutrino sector by using nonextensive
statistical mechanics.2 These bounds should be treated as phenomenological, since the full
neutrino decoupling calculation is not performed in this work.

2These intervals are phenomenological bounds within the effective neutrino sector deformation adopted in
this thesis. They should not be read as final BBN or neutrino decoupling bounds on q.
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Table 6.2: Comparison of the constraints on the nonextensivity parameter q obtained from
different physical methodologies and the present work.

Methodology Bound on q Reference

Generalized Planck Radiation Law |q − 1| ≤ 0.41 × 10−4 [31]
Gravitational constant uncertainty |q − 1| ≤ O(10−4) [32]
Early Universe: Primordial Helium and Weak interac-
tions

|q − 1| ≤ 4.01 × 10−3 [33]

Early Universe: Primordial Helium and Weak interac-
tions

|q − 1| ≤ 2.08 × 10−5 [34]

Deformation of the neutrino sector |q − 1| ≤ 1.32 × 10−2 This Work

Unlike the Relic Abundance analysis, the ∆Neff mapping provides a more direct and less
degenerate probe of nonextensivity. The resulting BBN and CMB+BAO bounds from Neff
consistently drive q toward the extensive limit, showing that physically viable departures from
BG statistics near the late radiation era must remain close to unity. This establishes radiation
era observables, rather than Relic Abundance alone, as the strongest phenomenological handle
on the nonextensive parameter in this work.

For instance, studies based on a generalized Planck radiation law have derived a tight bound
of |q − 1| ≤ 0.41 × 10−4 [31], while uncertainties in the gravitational constant suggest a limit of
the order of 10−4 [32]. Furthermore, observables from the Early Universe, specifically regard-
ing primordial helium abundance and weak interactions, provide some of the most stringent
constraints, with values ranging from |q − 1| ≤ 4.01 × 10−3 [33] down to 2.08 × 10−5 [34].
In this context, our analysis of the deformation of the neutrino sector gives a complementary
phenomenological bound of |q −1| ≤ 1.32×10−2. Collectively, these results suggest that nonex-
tensive corrections relevant to late radiation era cosmology must remain close to the extensive
limit, as seen in Table 6.2.

6.2 Interpretation of the results and motivated exten-
sions

The results obtained so far suggest a clear hierarchy in the phenomenology of the constant-
q framework. On the one hand, the exact treatment must be preferred over the first order
approximation. On the other hand, Relic Abundance predictions alone do not isolate the value
of q, because a, b and mχ are not measured independently in this model-independent setup,
whereas radiation era observables constrain it much more directly. These conclusions naturally
motivate two extensions of the framework: a Multi-component interpretation of under-abundant
results and a dynamical nonextensive parameter that relaxes toward the extensive limit.

6.2.1 Multi-component Dark Matter
In the exact Tsallis framework with constant q, standard WIMP-like candidates can freeze
out with a Relic Abundance below the observed value for the fixed benchmark annihilation
parameters used in Fig. 6.2. This should not be interpreted as a generic prediction for all
parameter choices. Rather than forcing agreement by overtuning annihilation microphysics or
invoking special mechanisms, one possible interpretation is that the dark matter sector may be
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multi-component: the missing fraction could be supplied by an additional stable species that
freezes out independently in the same nonextensive bath [12].

This viewpoint is also practical for phenomenology: each component carries a fraction of
the total density, which directly rescales experimental expectations, linearly for direct detection
and quadratically for indirect searches. As a minimal baseline, two independent species could
suffice, one under-abundant candidate plus a complementary relic, to recover the observed
total while keeping the constant-q setup clean and model independent. Next, the parameter
space of the generalized WIMP Freeze-out model is explored to identify regions of under and
overabundance of dark matter.

Parameter space: s-wave dominated scenario

For illustrative purposes, we explore the three dimensional parameter space (q, a, mχ) under
the assumption of s-wave dominance, b = 0, in order to identify the regions that lead to an
under-abundant Relic Abundance as well as those yielding an overabundance. This is achieved
through three independent two dimensional scans, in which one of the three parameters is
held fixed while the remaining two are varied, as shown in Figs. 6.15, 6.16, and 6.17. In all
panels we display the Relic Abundance on a logarithmic scale, log10(Ωχ,qh

2). Accordingly, the
Planck 2018 central value reads log10(Ωch

2) = −0.921, and the corresponding ±3σ band is given
by log10(Ωch

2) ∈ [−0.932, −0.910]. These scans provide a convenient way to identify under-
abundant regions, which can be interpreted within Multi-component dark matter scenarios
motivated by particle physics models in an s-wave dominated scenario. For example, two
independent dark matter candidates could evolve in the plasma and decouple independently,
satisfying Ω1h

2 + Ω2h
2 = Ωch

2.

Figure 6.15: Parameter-space scan in the (mχ, q) plane. For a fixed s-wave amplitude
a = 1.82 × 10−9 GeV−2 (with b = 0). The color scale shows log10(Ωχ,qh

2) and the Planck 2018
±3σ contour delineates the region consistent with the observed Relic Abundance.
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Figure 6.16: Parameter-space scan in the (a, q) plane. For fixed WIMP masses mχ =
{10, 100, 500} GeV under s-wave dominance (b = 0). The colormap encodes log10(Ωχ,qh

2) and
the Planck 2018 ±3σ contour identifies the locus compatible with the observed Cold dark
matter abundance, separating over and under-abundant regions as indicated in the legend.

Figure 6.17: Parameter-space scan in the (mχ, a) plane. For fixed nonextensivity q =
{0.95, 1.0, 1.05} assuming s-wave dominance (b = 0, hence ⟨σv⟩q ≃ a). The colormap shows
log10(Ωχ,qh

2); the white contour marks the Planck 2018 ±3σ band around the observed value,
separating over-abundant (Ωχ,qh

2 > ΩPlh
2) from under-abundant (Ωχ,qh

2 < ΩPlh
2) regions.

Parameter space: p-wave dominated scenario

For completeness, we repeat the analysis in the p-wave dominated regime, where ⟨σv⟩q ≃
b⟨v2

rel⟩q. In this case, the mean value of the relative velocity squared, ⟨v2
rel⟩, plays a central role

because its structure from Eq. (4.13) depends on both the nonextensive parameter q and the
WIMP mass mχ. This modifies the dynamics of the parameter space shown in Figs. 6.18, 6.19,
and 6.20.

Within the exact p-wave framework, the appearance of two disconnected Planck-compatible
branches in the (q, mχ) plane at sufficiently large b indicates that the Relic Abundance becomes
a non-monotonic function of q, as seen in Fig. 6.18. This is physically plausible because q
simultaneously deforms the equilibrium distribution, the kinetic moment entering ⟨σv⟩q, and the
expansion rate Hq. Nevertheless, the branch located in the q < 1 sector should be interpreted
more cautiously, since compact-support effects make that regime numerically less robust.

In the exact p-wave scenario, with a = 0 and ⟨σv⟩q ≃ b ⟨v2
rel⟩q, these parameter-space

maps show how Ωχ,qh
2 changes under the combined effect of q, mχ, and b. In the (q, mχ)

plane, increasing b lowers the Relic Abundance and progressively opens under-abundant regions,
while for sufficiently large b the Planck-compatible band may split into disconnected branches,
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Figure 6.18: Parameter-space maps in the (q, mχ) plane for the exact p-wave scenario
with a = 0 and ⟨σv⟩q ≃ b⟨v2

rel⟩q. The three panels correspond to fixed values of the p-
wave coefficient, b = 10−9, 10−8, and 10−7 GeV−2, respectively. The color scale represents
log10(Ωχh2), with red regions indicating over-abundance and blue regions indicating under-
abundance relative to the observed dark matter density. The white band marks the Planck
2018 ±3σ interval. These plots illustrate how the Relic Abundance changes as a function of the
nonextensive parameter q and the WIMP mass mχ for different p-wave annihilation strengths.

Figure 6.19: Contour plots of the Relic Abundance in the (mχ, b) plane for the exact
p-wave scenario with a = 0. The three panels correspond to fixed values of the nonextensive
parameter, q = 0.95, 1.00, and 1.05. The color scale shows log10(Ωχh2), while the white band
denotes the Planck 2018 ±3σ region. Red areas correspond to over-abundant configurations
and blue areas to under-abundant ones. These maps show how the allowed range of the p-wave
coefficient b depends on the WIMP mass and on the choice of the nonextensive parameter q.

indicating a non-monotonic dependence on q. In the (mχ, b) plane, the main effect is controlled
by b, whereas the dependence on mχ is milder over the range explored. In the (b, q) plane,
the transition from over-abundance to under-abundance becomes explicit for fixed mχ. Small
localized distortions near the lower edge of the q < 1 region should be interpreted as numerical
artifacts associated with the compact-support regime of the exact q-distribution, while the
global structure of the maps remains useful for the qualitative interpretation of the parameter
space.

6.2.2 Dynamical nonextensive parameter
The results for the primordial plasma, Fig. 6.5, together with the bounds on q, Eqs. (6.1)–
(6.2), indicate that by the epoch of BBN and thereafter the nonextensivity parameter must
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Figure 6.20: Parameter-space maps in the (b, q) plane for the exact p-wave scenario
with a = 0 and fixed WIMP masses mχ = 10, 100, and 500 GeV, from left to right. The
color scale represents log10(Ωχh2), with the white band indicating the Planck 2018 ±3σ interval.
Red regions correspond to over-abundance and blue regions to under-abundance. These plots
highlight the interplay between the p-wave coefficient b and the nonextensive parameter q in
determining the final thermal Relic Abundance for representative WIMP masses.

lie very close to the extensive limit, q ≃ 1. At the same time, the q-generalized H-theorem
implies that the stationary, or attractor, solutions of the kinetic equation are precisely the q-
equilibrium distributions, Eq. (3.10). These two facts motivate a dynamical picture in which
the early plasma could have exhibited a nonzero departure |q − 1| > 0 at high temperatures,
while entropy production and frequent collisions may drive the system toward the extensive
regime. In other words, consistency between late-time radiation constraints and kinetic theory
motivates introducing a relaxation trajectory q(T ) connecting an initial value qi at T ≫ MeV
to q ≃ 1 by T ∼ MeV.

In the Freeze-out and primordial-plasma context, the results obtained here do not exclude
the possibility that larger departures from extensivity occurred at earlier stages of the Universe,
provided that the parameter relaxes toward the observationally allowed region before BBN. This
implication is further explored in the next chapter.



Chapter 7

Dynamical nonextensive parameter

Having established the thermodynamic framework of the primordial plasma and evaluated the
strong observational restrictions on a constant Tsallis parameter, this chapter addresses the
theoretical challenge of this work: the evolution of nonextensivity. As discussed in previous
chapters, the tension between the possible presence of nonextensive correlations at early times
and the near-extensive limit demanded by the bounds obtained from a deformed neutrino sector
makes a strictly constant nonextensive parameter difficult to maintain phenomenologically.
Therefore, in this chapter, we propose and develop a phenomenological formulation where
the nonextensive parameter acquires a temperature-dependent dynamics, q(T ). We explore
how this transition affects the thermal non-linearity of the system and assume that, under a
separation of timescales, the plasma may be approximated as evolving through quasi-stationary
states. Under this assumption, consistency with the generalized H-theorem can be preserved
locally in temperature.

7.1 Minimal proposals for a dynamical Tsallis parameter
The bounds obtained from the deformed neutrino sector indicate that the nonextensive param-
eter must be close to the extensive limit near the MeV scale. However, this does not exclude
the possibility that larger deviations from extensivity occurred at earlier temperatures. For
this reason, we introduce two minimal phenomenological profiles for q(T ). The first one is a
logarithmic interpolation in temperature, useful as a simple monotonic relaxation between two
boundary values. The second one is a sigmoid profile, useful to localize the variation of q(T )
around a transition scale, such as EWSB or the QCD crossover.

Logarithmic function. Assuming adiabatic expansion of the Universe, it is convenient to
approximate the variation of q with a linear relaxation toward q ≃ 1 in logarithmic temperature.
This connects an initial value qhigh ̸= 1 at high temperature with a final value qlow = 1 at
T ∼ MeV, consistently with the bounds obtained previously. The function has the form

q(T ) = A ln T + B,
dq

d ln T
= A, (7.1)

where q = qhigh ̸= 1 at an initial temperature Thigh and q = qlow = 1 at Tlow ∼ MeV as
a simplifying choice consistent with the bounds obtained near the MeV scale. From these
boundary conditions, the constants A and B are

A = qhigh − 1
ln (Thigh/Tlow) , B = 1 − A ln(Tlow). (7.2)
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Figure 7.1: Dynamical nonextensive parameter from Eq. (7.1): for different values of
qhigh, the profile relaxes toward the extensive value qlow = 1, consistently with the bounds
obtained in Eq. (6.1) at Tlow ∼ MeV.

Replacing A and B in Eq. (7.1), one obtains

q(T ) = 1 + (qhigh − 1) ln(T/Tlow)
ln(Thigh/Tlow) . (7.3)

In the limit T → Tlow ∼ MeV, the extensive case is recovered, q = 1, as shown in Fig. 7.1.

Sigmoid function. Alongside the logarithmic proposal, we adopt a sigmoid-type profile
based on the logistic map

P (x) = 1
1 + e−x

, (7.4)

Figure 7.2: Dynamical nonextensive parameter from Eq. (7.5): for different values of
qhigh, the profile relaxes toward the extensive value qlow = 1, consistently with the bounds
obtained in Eq. (6.1) at T ∼ MeV. A sigmoid of this kind allows one to control the sharpness
through k and the transition scale through Tmid.
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and define

q(T ) = qlow + ∆q

1 + exp[−k x] , x ≡ ln(T/Tmid), ∆q ≡ qhigh − qlow, (7.5)

where qhigh is the value approached at early times and qlow is the value that must satisfy the
bounds (6.1) or (6.2) at BBN. The parameter Tmid sets the transition scale and k > 0 controls
its sharpness. This sigmoid structure gives direct control over the evolution with temperature
and keeps the interpretation of each parameter transparent, as shown in Fig. 7.2 for a generic
case.

This function obeys the logistic ODE

dq

d(ln T ) = k

∆q
(q − qlow)(qhigh − q), (7.6)

which we refer to as the free logistic ODE for q(T ). Eq. (7.5) is its exact solution and no
external pulses or sources are included.

7.2 Propagation to the distribution function
The functions in Eqs. (7.1) and (7.5) are introduced in order to propagate a temperature-
dependent nonextensive parameter into the q-generalized distribution functions of Eq. (3.10).
We first study the behavior of the resulting dynamical q-exponential using the finite-domain, or
compact-support, property of the Tsallis formalism [35]. Then, we insert this structure into the
distribution functions for Maxwell-Boltzmann (MB), Fermi-Dirac (FD), and Bose-Einstein (BE)
statistics. Finally, we analyze the induced non-linearity by computing logarithmic derivatives
of the dynamical q-exponential.

7.2.1 Generalized distribution functions with a dynamical nonex-
tensive parameter

The explicit form of the q(T )-generalized distribution function is written as

fq(T ) = 1[
1 +

(
q(T ) − 1

)
β(E − µ)

] 1
q(T )−1 + ξ

, (7.7)

where q(T ) can be either (7.1) or (7.5). Here, ξ = 0 corresponds to Maxwell-Boltzmann
statistics, ξ = +1 to Fermi-Dirac statistics, and ξ = −1 to Bose-Einstein statistics. For
simplicity, we refer to these functions as q(T )-generalized distribution functions, or q(T )-GDFs.

The denominator preserves the structure of a q-exponential, but now with a temperature-
dependent nonextensive parameter. Rewriting Eq. (7.7), one obtains

fq(T ) = 1[
eq(T )(−β(E − µ))

]−1
+ ξ

, eq(T )(x) ≡
[
1 +

(
1 − q(T )

)
x
] 1

1−q(T )

+
. (7.8)

The notation [· · · ]+ denotes the positive part of the argument, ensuring that the q-exponential
remains real in the compact-support regime.

Using β = 1/T and defining ∆ = E − µ, the dynamical q-exponential becomes

eq(T )(−β(E − µ)) = eq(T )

(
−∆

T

)
≡
[
1 −

(
1 − q(T )

)∆
T

] 1
1−q(T )

+
. (7.9)
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This definition will be useful for qualitative purposes. Following the standard convention in the
Tsallis framework, see [35], we define the dynamical q-exponential for negative arguments as

eq(T )(−x) ≡
[

1 − (1 − q(T )) x
] 1

1−q(T )

+
, lim

q(T )→1
eq(T )(−x) = e−x. (7.10)

For x = β∆ > 0, the condition for real values requires 1 − (1 − q(T ))x > 0. This constraint is
always satisfied if q(T ) ≥ 1, whereas for q(T ) < 1 it imposes the lower bound q(T ) > 1−1/x. As
this bound is approached from above, the q-exponential vanishes, reflecting the compact-support
feature of the q < 1 regime. In contrast, for positive arguments the standard q-exponential
exhibits an upper bound q > 1 + 1/x [35].

7.2.2 Dynamical q-exponential
Figure 7.3 shows the inverse of Eq. (7.10), which appears in the denominator of the q(T )-
GDFs in Eq. (7.8). The curves are evaluated for several fixed values of x = β∆ and for the
two proposed profiles of the nonextensive parameter, Eqs. (7.1) and (7.5). This comparison
illustrates how the temperature dependence of q(T ) modifies the effective Boltzmann factor
entering the distribution function.

7.3 Implication: Increase in Non-linearity
In this section, we study how the promotion q → q(T ) introduces an additional source of non-
linearity. To motivate this point, let us recall the example used by Tsallis in terms of differential
equations [23]. Considering an equation of the form

dy

dx
= yq, (7.11)

where q is the nonextensive parameter, one obtains a non-linear solution given by the q-
exponential eq(x). Therefore, the non-linearity is induced by q, and in the limit q → 1 the
ordinary exponential behavior is recovered.

This behavior can be visualized through logarithmic derivatives. For the standard fixed-q
case, the slope and curvature are

d

dx
ln eq(x) = 1

1 + (1 − q)x, (7.12)

and
d2

dx2 ln eq(x) = − 1 − q

[1 + (1 − q)x]2
. (7.13)

Thus, for q ̸= 1 the slope is not constant and the curvature is non-zero. In our cosmologi-
cal context, x ∝ 1/T , so the temperature evolution already induces a contribution through
dx(T )/dT . When q is promoted to a temperature-dependent parameter, a second contribution
appears through dq(T )/dT . Schematically,

Total non-linearity = Tsallis contribution with varying T + dynamical contribution from q(T ).

To quantify this effect, we take the derivative with respect to the temperature T , applying the
chain rule:

d

dT
ln eq(−x(T ))−1 = ∂ ln eq(−x(T ))−1

∂x(T )
dx(T )

dT
+ ∂ ln eq(−x(T ))−1

∂q(T )
dq(T )

dT
. (7.14)
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This yields the slope
d

dT
ln eq(−x(T ))−1 = − x(T )

T
[
1 − (1 − q(T )) x(T )

]
︸ ︷︷ ︸

Tsallis contribution with varying T

+
− x(T )

(1 − q(T ))
[
1 − (1 − q(T )) x(T )

] −
ln
[
1 − (1 − q(T )) x(T )

]
(1 − q(T ))2

 dq(T )
dT︸ ︷︷ ︸

dynamical contribution from q(T )

. (7.15)

Figure 7.3: Inverse dynamical q(T )-exponential in the distribution function.
[eq(T )(−x)]−1 as a function of T for x = β∆ = {0.1, 0.5, 1, 2}. Top: q(T ) = A ln T + B.
Bottom: sigmoid q(T ). In both cases, T ∈ [10−3, 109] GeV, qlow = 1, and qhigh =
{0.51, 0.7, 0.9, 1.0, 1.02, 1.05, 1.1, 1.5, 1.9}.
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(a) EWSB scale (Tmid = 100 GeV). (b) QCD scale (Tmid = 0.15 GeV).

Figure 7.4: Dynamical evolution of the Tsallis parameter and induced non-linearity
by the sigmoid function. Left: Electroweak Symmetry Breaking transition. Right: QCD
crossover. In both cases, the lower panel shows the absolute ratio between the dynamical non-
linear contribution and the standard fixed-q term from Eq. (7.15). The dynamical contribution
peaks around Tmid and vanishes toward the BBN regime, recovering extensivity (q ≃ 1).

For fixed q, the term dq(T )/dT vanishes and only the first contribution remains.
The sigmoid profile is particularly useful for this analysis because it introduces a transition

scale Tmid and a sharpness parameter k. Therefore, the contribution proportional to dq/dT in
Eq. (7.15) can be localized around physical crossover regions such as EWSB or QCD. In contrast,
the logarithmic profile produces a smoother and more global evolution in temperature, without
isolating a specific transition scale.

To illustrate the phenomenological behavior of this formulation, we evaluate the sigmoid
relaxation at two critical epochs of the Early Universe characterized by rapid crossovers asso-
ciated with changes in the effective degrees of freedom: the Electroweak Symmetry Breaking
scale, EWSB, with Tmid ∼ 100 GeV, and the QCD crossover, with Tmid ∼ 0.15 GeV [1].

As shown in Figs. 7.4a and 7.4b, the dynamical framework introduces a localized enhance-
ment in the thermodynamic non-linearity. The bottom panels display the absolute ratio between
the extra dynamical non-linearity, the term proportional to dq/dT in Eq. (7.15), and the stan-
dard fixed-q thermal contribution. During the transition phase, T ∼ Tmid, the derivative dq/dT
reaches its maximum amplitude, causing the dynamical contribution to become relevant. As the
Universe expands and cools into the BBN region, T ∼ 10−4 −10−2 GeV, dq/dT vanishes and the
ratio drops to zero, allowing the Boltzmann-Gibbs regime to be recovered within the adopted
approximation. This qualitative analysis suggests that a dynamical, temperature-dependent
Tsallis parameter can provide a useful phenomenological description of the primordial plasma
during epochs of rapid crossover. Within the sigmoid ansatz, the relaxation of q(T ) can be
interpreted as producing localized pulses of enhanced thermodynamic non-linearity.
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7.4 Thermodynamic consistency through the general-
ized H-Theorem

Promoting the Tsallis Parameter q to a temperature-dependent function q(T ) introduces a
conceptual challenge that must be addressed with care. Recall that the generalized H-theorem
establishes that the attractors of the dynamics are the q-generalized distribution functions
obtained from the maximum entropy principle under the assumption of constant q [11, 23].
However, if q evolves due to the expansion of the Universe, the corresponding attractors also
become time dependent, or equivalently temperature dependent.

To ensure thermodynamic consistency, a separation of timescales must be invoked:

• The microscopic relaxation time, governed by the interaction rate Γ, must be much shorter
than the expansion timescale set by the Hubble parameter H [19]. Therefore, when
Γ ≫ H, the system rapidly relaxes toward a sequence of quasi-stationary states.

• An adiabatic evolution is assumed: at each instant, the plasma effectively experiences
an approximately constant value of q(T ). The generalized H-theorem then supports the
interpretation of relaxation toward an instantaneous attractor corresponding to that value
of the Tsallis Parameter. This relaxation process continues until the extensive regime
q ≃ 1 is reached.

Strictly speaking, the generalized H-theorem is formulated for fixed q. When q is promoted
to q(T ), the entropy functional itself becomes slowly time dependent. Therefore, the present
construction should be interpreted as a quasi-static approximation: at each temperature, the
plasma is assumed to relax toward the instantaneous q(T )-equilibrium attractor. This requires
a hierarchy of timescales,

Γ ≫ H, Γ ≫
∣∣∣∣∣d ln q

dt

∣∣∣∣∣ ,
so that microscopic relaxation is faster than both the Hubble expansion and the variation of
the nonextensive parameter.1

This provides a basis for further development of the framework and for future applications
to Early Universe cosmological scenarios.

1The generalized H-theorem is formulated for fixed q. Its use for q(T ) is therefore local in temperature: the
plasma is assumed to relax toward an instantaneous q(T )-equilibrium attractor under a quasi-static separation
of timescales.



Chapter 8

Conclusions and Future Work

Conclusions
The central motivation of this thesis was to study how a nonextensive primordial plasma could
affect the thermal production of WIMP dark matter. In this context, this work formulated
and compared two extensions of the standard Freeze-out framework within Tsallis statistics:
a first order (q − 1) Taylor approximation and an exact treatment based on q-exponentials.
The formalism propagates nonextensivity to the effective degrees of freedom (g∗,q, g∗s,q), the
expansion rate Hq(T ), the effective q-generalized Boltzmann equation for Yχ,q(x), and a q-
logarithmic transcendental equation for xf .

The comparison between both prescriptions shows that the first order approximation is
useful as an analytical guide near the extensive limit, but it is not sufficiently reliable for
the phenomenological analysis developed in this work. For this reason, the exact formulation
provides the main framework for the numerical results. With the thermally averaged cross
section approximated through a partial-wave expansion up to p-wave order,

⟨σv⟩q ≈ a + b ⟨v2
rel⟩q, (8.1)

and with (a, b) treated as nuisance parameters, the Relic Abundance observable alone does not
provide a robust constraint on q. This is because different combinations of q, mχ, and the
annihilation parameters can reproduce the observed dark matter abundance. Therefore, in this
thesis, Ωχ,qh

2 should be interpreted mainly as a consistency test of the nonextensive Freeze-out
framework, rather than as a unique determination of the Tsallis parameter.

The parameter-space scans also show that underabundant regions, Ωχ,qh
2 < 0.12, may

be interpreted within a Multi-component dark matter scenario. This interpretation is not a
necessary consequence of nonextensivity, but it provides a possible phenomenological extension
when a single WIMP component does not saturate the observed abundance for fixed annihilation
parameters. In this sense, the nonextensive framework can be used to explore how thermal relic
production changes when the primordial plasma is deformed, while still remaining compatible
with the possibility that dark matter is composed of more than one stable species.

Radiation era observables encoded in ∆Neff(q) provide a more direct phenomenological
handle on the nonextensive parameter. Within the effective deformation of the neutrino sector
adopted here, the comparison with BBN and CMB+BAO data restricts q to values close to
the extensive limit, favoring a near-extensive background by the BBN epoch, or equivalently
around T ∼ 1 MeV. These bounds should be understood as phenomenological constraints within
the assumptions of the present setup, since a full treatment of neutrino decoupling, spectral
distortions, finite-temperature effects, weak interaction rates, and light-element abundances is
not performed. Nevertheless, the result indicates that any nonextensive correction surviving
into the late radiation era must be small.
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Based on this restriction, a dynamical relaxation model q(T ) was introduced as a phe-
nomenological way to reconcile possible nonextensive effects at earlier stages of the Early Uni-
verse with the near-extensive behavior required close to BBN. By assuming a separation of
timescales, the primordial plasma can be modeled as evolving through quasi-stationary states.
Under the stated assumptions, this allows a local use of the q-generalized H-Theorem. This
dynamical description should not be interpreted as a microscopic derivation of q(T ), but rather
as an effective parametrization of how a nonextensive imprint could relax as the Universe cools.

The dynamical evolution was modeled using simple profiles for q(T ), with particular empha-
sis on a sigmoid-type function evaluated qualitatively around phase-transition scales such as
EWSB and the QCD crossover. In this case, the non-linearity of the thermal evolution receives
an additional contribution proportional to dq/dT . This contribution is localized around the
transition scale fixed by Tmid and becomes negligible before the BBN era within the parameter
choices considered here. Therefore, the sigmoid ansatz provides a controlled way to localize
possible nonextensive effects around physically motivated thermal transitions, while recovering
an almost standard radiation background at lower temperatures.

Overall, the results suggest that Tsallis statistics can be used as a phenomenological frame-
work to organize possible departures from Boltzmann-Gibbs thermodynamics in the primordial
plasma. At the same time, the analysis shows that such departures are strongly limited by
radiation era observables. The main outcome is therefore not evidence for a nonextensive pri-
mordial plasma, but a controlled route to identify where nonextensive effects may enter the
WIMP Freeze-out calculation, where they are observationally constrained, and which assump-
tions must be improved in future work.

Future Work
As future work, several extensions follow naturally from the framework developed in this thesis:

• Generalize the exact thermally averaged cross section in Eq. (2.29), instead of using the
partial-wave approximation, and implement it in the generalized Boltzmann equation for
WIMP Freeze-out, Eq. (4.4).

• Explore heavier WIMP masses, especially mχ ≥ 1 TeV, and study how the phenomenology
changes for different values of q.

• Study direct and indirect detection observables within the Tsallis framework, including
the effect of nonextensive corrections on the expected signals.

• Incorporate concrete particle-physics dark matter models into the exact nonextensive
Freeze-out framework.

• Apply the formalism to the real singlet scalar dark matter model and assess whether
Tsallis corrections modify its viable parameter space [36].

• Further develop the dynamical nonextensive parameter q(T ), clarifying its physical inter-
pretation and its implementation in Early Universe cosmology.

• Study the Freeze-in production mechanism of dark matter within Tsallis statistics.



Appendix A

Mathematical Developments and
Additional Formulas

This appendix collects the mathematical derivations and auxiliary formulas used in the main
text. Sections A.3–A.4.1 support the discussion of Tsallis entropy and its constraint structure.
Section A.5 gives the first order expressions used to compare the perturbative and exact de-
scriptions. Section A.6.1 presents the exact mapping used to define the nonextensive rescalings,
and Section A.6.2 gives the derivation of the q-generalized transcendental equation used for the
Freeze-out point.

A.1 Number Density
The number density for a species with g internal degrees of freedom is computed from the
integral of its equilibrium distribution function, see Eq. (2.12):

n = g
∫ d3p

(2π)3 f(E) , (A.1)

where, unless otherwise indicated, the chemical potential is taken to be negligible, µ ≃ 0.

A.1.1 Relativistic case
For relativistic particles, E ≃ p, bosons and fermions are treated separately. For bosons:

nb = gb

(2π)3

∫ d3p

ep/T − 1 = gb

2π2

∫ ∞

0

p2 dp

ep/T − 1 = gbT
3

2π2

∫ ∞

0

x2 dx

ex − 1

= gbT
3

2π2

(
2 ζ(3)

)
= ζ(3)

π2 gb T 3 . (A.2)

For fermions one uses the standard identity
∫ ∞

0

x2 dx

ex + 1 = 3
2ζ(3),

so that
nf = 3

4
ζ(3)
π2 gf T 3 . (A.3)
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A.1.2 Nonrelativistic case
In this regime it is more precise to work with E =

√
p2 + m2. The integral is expressed through

K2, the modified Bessel function of the second kind:

n = g m2T

2π2 K2

(
m

T

)
. (A.4)

For z ≡ m/T ≫ 1, one uses Kν(z) ∼
√

π/(2z) e−z and obtains the Maxwell-Boltzmann form
with Boltzmann suppression:

n ≃ g
(

mT

2π

)3/2
e−m/T . (A.5)

A.2 Energy Density
Analogously, the energy density is defined by

ρ = g
∫ d3p

(2π)3 E(p) f(E) . (A.6)

A.2.1 Relativistic case
For a relativistic bosonic species:

ρb = gb

2π2

∫ ∞

0

p3 dp

ep/T − 1 = gbT
4

2π2

∫ ∞

0

x3 dx

ex − 1 = gbT
4

2π2

(
π4

15

)

= π2

30 gb T 4 . (A.7)

For fermions one obtains
ρf = 7

8
π2

30 gf T 4 , (A.8)

where the factor 7/8 comes from the integral∫ ∞

0

x3

ex + 1 dx = 7
8

π4

15 .

A.2.2 Nonrelativistic case
In the nonrelativistic limit, the energy is dominated by the rest mass, so at leading order

ρ ≃ m n , (A.9)

with n given by Eq. (A.4) or, for m ≫ T , by Eq. (A.5). The subleading kinetic correction is
3
2nT for an ideal classical gas.

For the total relativistic content at a common temperature, it is useful to write

ρ = g∗
π2

30T 4,

with g∗ defined in Eq. (2.19). Analogously, the entropy satisfies

s = g∗s
2π2

45 T 3,

with g∗s given by Eq. (2.22).
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A.3 Tsallis Entropy
The Tsallis entropy, Sq, can be obtained as a generalization of the Boltzmann-Gibbs-Shannon
entropy by replacing the natural logarithm, ln, with its analogue in the nonextensive formalism,
the q-logarithm, lnq [23].

The fundamental form of entropy in standard statistical mechanics is

S = k
∑

i

pi ln
(

1
pi

)
, (A.10)

where {pi} is the set of probabilities of the system’s microstates.
The generalization is achieved by introducing the q-logarithm:

lnq(x) ≡ x1−q − 1
1 − q

. (A.11)

In the limit q → 1, one recovers the natural logarithm, lnq(x) → ln(x).
Applying this replacement in the entropy formula, one obtains the form postulated by Tsallis

in 1987 [8]:

Sq = k
∑

i

pi lnq

(
1
pi

)
. (A.12)

Substituting the definition of the q-logarithm and expanding algebraically:

Sq = k
∑

i

pi

(
(1/pi)1−q − 1

1 − q

)
(A.13)

= k
∑

i

(
pi · pq−1

i − pi

1 − q

)
= k

∑
i

(
pq

i − pi

1 − q

)
. (A.14)

Separating the sum into two parts:

Sq = k

1 − q

(∑
i

pq
i −

∑
i

pi

)
. (A.15)

Using the probability normalization condition, ∑i pi = 1, the expression simplifies to

Sq = k

1 − q

(∑
i

pq
i − 1

)
. (A.16)

Finally, rearranging the expression gives the standard convention for the Tsallis entropy:

Sq = k
1 −∑

i pq
i

q − 1 . (A.17)

A.4 Non-additivity of Tsallis Entropy
A fundamental property distinguishing the Tsallis entropy, Sq, from the Boltzmann-Gibbs en-
tropy, SBG, is its non-additivity. While SBG is strictly additive for independent systems, Sq

obeys a more general composition rule known as pseudo-additivity. For a system composed of
two statistically independent subsystems, A and B, the total entropy is expressed as [23]

Sq(A + B) = Sq(A) + Sq(B) + (1 − q)Sq(A)Sq(B). (A.18)

The term (1 − q)Sq(A)Sq(B) quantifies the deviation from additivity. Depending on the value
of the parameter q, three regimes are defined:
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Extensive (q = 1): The interaction term vanishes and the additivity of Boltzmann-Gibbs en-
tropy is recovered: S1(A + B) = S1(A) + S1(B).

Super-additive (q < 1): The interaction term is positive, yielding Sq(A+B) > Sq(A)+Sq(B).

Sub-additive (q > 1): The interaction term is negative, leading to Sq(A+B) < Sq(A)+Sq(B).
Proof. Let A be a discrete system with probabilities {pi} and B another discrete system

with probabilities {rj}. The Tsallis entropy, with kB = 1, is defined as

Sq(P ) = 1 −∑
i pq

i

q − 1 , q ∈ R, q ̸= 1.

If A and B are independent, the combined system A + B has probabilities pij = pirj. Then

Sq(A + B) =
1 −∑

i,j(pij)q

q − 1 =
1 −∑

i,j(pirj)q

q − 1 =
1 −

(∑
i pq

i

)(∑
j rq

j

)
q − 1 .

Define X = ∑
i pq

i and Y = ∑
j rq

j . Then

Sq(A + B) = 1 − XY

q − 1 , Sq(A) = 1 − X

q − 1 , Sq(B) = 1 − Y

q − 1 .

Now consider

Sq(A) + Sq(B) + (1 − q)Sq(A)Sq(B) = 1 − X

q − 1 + 1 − Y

q − 1 + (1 − q)(1 − X)(1 − Y )
(q − 1)2 .

Since
1 − q

(q − 1)2 = − 1
q − 1 ,

one obtains

Right-hand side = 2 − X − Y

q − 1 − (1 − X)(1 − Y )
q − 1

= 2 − X − Y − (1 − X − Y + XY )
q − 1 = 1 − XY

q − 1 = Sq(A + B).

This gives the pseudo-additive composition rule of the Tsallis entropy, also related to the q-sum
structure [35].

A.4.1 Constraints for the Maximization of Entropy
The common probability normalization condition for all constraint prescriptions is∑

i

pi = 1. (A.19)

Constraint I (linear / ordinary average) [23]:

⟨A⟩ =
∑

i

piAi, E ≡ ⟨E⟩ =
∑

i

piEi. (A.20)

Constraint II (Curado–Tsallis, unnormalized q-average) [24]:

⟨A⟩CT
q =

∑
i

pq
i Ai, E

CT
q =

∑
i

pq
i Ei. (A.21)

Constraint III (Tsallis–Mendes–Plastino, normalized q-average) [37]:

P
(q)
i ≡ pq

i∑
j pq

j

, ⟨A⟩TMP
q =

∑
i

P
(q)
i Ai, E

TMP
q =

∑
i

P
(q)
i Ei. (A.22)



76

A.5 Analytic Expressions of Cosmological Observables
in Nonextensive Statistics at First Order

In this appendix we show the first-order calculations in (q − 1) for the cosmological observables
used in the main text. We start from the standard definitions in Eqs. (2.13)–(2.15) and from the
first-order approximation of the q-generalized distribution function given in Eq. (3.16). Unless
otherwise indicated, we take µ = 0.

A.5.1 Generalized Distribution at First Order and Structure of the
Integrals

Let f0(E) be the standard equilibrium distribution in Eq. (2.12). To first order in (q − 1),

fq(E) = f0(E)
[
1 + (q − 1)Φ(E/T, ξ)

]
+ O

(
(q − 1)2

)
, (A.23)

where Φ is a dimensionless function depending on E/T and on the statistics ξ, as given in
Eq. (3.16). With Eq. (A.23), any observable linear in f adopts the scheme

Oq = Ostd + (q − 1)δO + O
(
(q − 1)2

)
, (A.24)

with

Ostd = g
∫ d3p

(2π)3 W (p)f0(E), δO = g
∫ d3p

(2π)3 W (p)f0(E)Φ(E/T, ξ), (A.25)

where W (p) is the appropriate kinematic weight: 1 for n, E for ρ, and p2/(3E) for P . The
standard integrals over x = p/T produce combinations of ζ-functions and powers of π; the
numerical coefficients cited below are taken from [26].

A.5.2 Number Density
Inserting Eq. (A.23) into Eq. (2.13) and using x = p/T :

nq = g
∫ d3p

(2π)3 fq = gT 3

2π2

∫ ∞

0
dx x2

[
f0(x) + (q − 1)f0(x)Φ(x, ξ)

]
. (A.26)

Evaluating the integrals, with coefficients from [26], gives

nq =



ζ(3)
π2 gT 3 + g(q − 1)

2π2

(
12.98

)
T 3, bosons (Bose-Einstein), ξ = −1,

3
4

ζ(3)
π2 gT 3 + g(q − 1)

2π2

(
11.36

)
T 3, fermions (Fermi-Dirac), ξ = +1,

gm2T

2π2 K2

(
m

T

) [
1 + q − 1

2

(
15
4 + 3m

T
+ m2

T 2

)]
, Maxwell-Boltzmann, ξ = 0.

(A.27)
For m/T ≫ 1, one may use K2(z) ∼

√
π/(2z)e−z to obtain the Maxwell-Boltzmann asymptotic

form.
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A.5.3 Energy Density and Pressure
With Eqs. (2.14) and (A.23),

ρq = gT 4

2π2

∫ ∞

0
dx x2 E

T

[
f0(x) + (q − 1)f0(x)Φ(x, ξ)

]
, (A.28)

and analogously for Pq with weight W = p2/(3E). In the relativistic regime, E ≃ p, one obtains

ρq =



π2

30gT 4 + 30
π2 (1.04)g(q − 1)T 4, bosons, ξ = −1,

7
8

π2

30gT 4 + 30
π2 (0.97)g(q − 1)T 4, fermions, ξ = +1,

mnq, Maxwell-Boltzmann, ξ = 0.

(A.29)

In the last line, E ≃ m has been used at leading order in the nonrelativistic regime. For the
total relativistic content at a common temperature, it is useful to write

g∗q =
∑

bosons
gi

(
Ti

T

)4
+ 7

8
∑

fermions
gj

(
Tj

T

)4

+ (q − 1)
[
9.58

∑
bosons

gi

(
Ti

T

)4
+ 8.98

∑
fermions

gj

(
Tj

T

)4]
, (A.30)

so that
ρq = π2

30g∗qT
4, Pq ≃ 1

3ρq (relativistic regime). (A.31)

A.5.4 Entropy Density and Entropic Degrees of Freedom
Using sq = (ρq + Pq)/T and Pq ≃ ρq/3 in the relativistic regime, one obtains

sq = 2π2

45 g∗s,qT
3, (A.32)

with

g∗s,q =
∑

bosons
gi

(
Ti

T

)3
+ 7

8
∑

fermions
gj

(
Tj

T

)3

+ 7.18(q − 1)
[ ∑

bosons
gi

(
Ti

T

)3
+ 15

16
∑

fermions
gj

(
Tj

T

)3]
, (A.33)

as used in the main body; see Eqs. (2.21) and (2.22) for the standard case. The comoving
entropy Sq = sqa

3 remains approximately constant in adiabatic expansion.

A.5.5 Velocity Moments and Thermally Averaged Cross Section
For the computation of

⟨σv⟩q ≈ a + b ⟨v2
rel⟩q,

the relative velocity moment ⟨v2
rel⟩q = 2⟨v2⟩q is required. In the notation used in the text, with

x ≡ mχ/T and y ≡ p/T :

⟨v2⟩q =

∫ ymax

0
dy y2

(
y√

y2 + x2

)2

fq

(√
y2 + x2

)
∫ ymax

0
dy y2fq

(√
y2 + x2

) . (A.34)
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Here fq is expanded as in Eq. (A.23). To first order in (q − 1):

⟨v2⟩q = ⟨v2⟩std + (q − 1)δ
(
⟨v2⟩

)
, (A.35)

where the correction is given by ratios of integrals weighted by Φ. This scheme is replicated for
any kinematic moment required in the partial-wave expansion and is used in the comparison
between the perturbative and exact models in the results chapter.

A.5.6 Equilibrium Abundance and Comoving Variables
The comoving abundance is defined as Yq ≡ nq/sq. In equilibrium:

Y eq
q (T ) =

neq
q (T )

sq(T ) = neq
std(T ) + (q − 1)δneq(T )
sstd(T ) + (q − 1)δs(T ) = Y eq

std(T ) [1 + (q − 1)∆Y (T )] , (A.36)

where ∆Y is a linear combination of δneq/neq
std and δs/sstd. This form is inserted into the

q-generalized Boltzmann equation in the main chapter to study Freeze-out.
The previous results specify how corrections of order (q − 1) enter nq, ρq, sq, g∗q, g∗s,q, and

Hq.

A.6 Expressions of Cosmological Observables in Nonex-
tensive Statistics in Exact Form

In this section of the appendix we present the construction of the exact model. The model is
based on ratios of phase-space integrals, which are evaluated numerically in the main analysis.

A.6.1 Factorization of Generalized Observables and Development of
the Mapping

We use the notation

x ≡ m

T
, y ≡ p

T
, z ≡ E

T
=
√

y2 + x2, µ = 0,

and the exact Tsallis distribution for Maxwell-Boltzmann statistics:

eq(−z) =


[
1 − (1 − q)z

] 1
1−q , if 1 − (1 − q)z > 0,

0, otherwise.

The momentum-space measure is d3p = 4πp2dp = 4πT 3y2dy. For q < 1, the compact support
fixes

ymax(x, q) =

√√√√( 1
1 − q

)2

− x2, q < 1, ymax = ∞, q ≥ 1. (A.37)

When useful, we denote by “std” the case q = 1.
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For a species with degeneracy g and Maxwell-Boltzmann statistics:

nq(T ) = g

(2π)3

∫
d3p eq

(
−E

T

)
= g

2π2 T 3
∫ ymax

0
y2eq

(
−
√

y2 + x2
)

dy︸ ︷︷ ︸
In(x, q)

, (A.38)

ρq(T ) = g

(2π)3

∫
d3p E eq

(
−E

T

)
= g

2π2 T 4
∫ ymax

0
y2
√

y2 + x2 eq

(
−
√

y2 + x2
)

dy︸ ︷︷ ︸
Iρ(x, q)

, (A.39)

Pq(T ) = g

(2π)3

∫
d3p

p2

3E
eq

(
−E

T

)
= g

2π2 T 4
∫ ymax

0

y4

3
√

y2 + x2 eq

(
−
√

y2 + x2
)

dy︸ ︷︷ ︸
IP (x, q)

. (A.40)

The standard integrals are obtained by replacing eq → e−z and ymax → ∞:

Istd
n (x) =

∫ ∞

0
y2e−

√
y2+x2

dy, Istd
ρ (x) =

∫ ∞

0
y2
√

y2 + x2 e−
√

y2+x2
dy, (A.41)

Istd
P (x) =

∫ ∞

0

y4

3
√

y2 + x2 e−
√

y2+x2
dy. (A.42)

For q > 1, convergence must be checked because the exact q-exponential develops power-law
tails. For q < 1, the compact support guarantees convergence with ymax given by Eq. (A.37).

We define exact factors depending on x and q by ratios of integrals:

Rn(x, q) ≡ In(x, q)
Istd

n (x) , Rρ(x, q) ≡ Iρ(x, q)
Istd

ρ (x) , RP (x, q) ≡ IP (x, q)
Istd

P (x) . (A.43)

Then the physical densities are factorized as identities:

nq = Rn(x, q)nstd, ρq = Rρ(x, q)ρstd, Pq = RP (x, q)Pstd. (A.44)

For the ultra-relativistic regime, x → 0 and z =
√

y2 + x2 → y. Changing variables to z:

In(0, q) =
∫ zmax

0
z2eq(−z) dz, Iρ(0, q) =

∫ zmax

0
z3eq(−z) dz, IP (0, q) = 1

3

∫ zmax

0
z3eq(−z) dz.

In the standard case,

Istd
n (0) = Γ(3) = 2!, Istd

ρ (0) = Γ(4) = 3! = 6, Istd
P (0) = 1

3Γ(4) = 2.

Hence

RUR
n (q) = 1

2

∫ zmax

0
z2eq(−z) dz, RUR

ρ (q) = 1
6

∫ zmax

0
z3eq(−z) dz, RUR

P (q) = RUR
ρ (q).

(A.45)
In the ultra-relativistic regime one has Pq = ρq/3 and, with µ = 0,

sq = ρq + Pq

T
= 4

3
ρq

T
=⇒ sq = RUR

ρ (q)sstd. (A.46)

In summary, nq and Rn(q) converge in the ultra-relativistic limit if q < 4/3, while ρq, Pq, and
Rρ(q) converge if q < 5/4.
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In the ultra-relativistic regime with vanishing chemical potential, the species-aware rescaling
factors for the number density and the energy density are defined as follows:

expq(z) ≡
[
1 + (1 − q)z

] 1
1−q , fq,ξ(z) ≡ 1

expq(z) + ξ
, ξ =

−1, BE,

+1, FD.
(A.47)

with

zmax =


1

1 − q
, q < 1,

∞, q ≥ 1.
(A.48)

The species-aware rescalings are

R(ξ)
n (q) =

∫ zmax

0

z2 dz

eq(z) + ξ∫ ∞

0

z2 dz

ez + ξ

, R(ξ)
ρ (q) =

∫ zmax

0

z3 dz

eq(z) + ξ∫ ∞

0

z3 dz

ez + ξ

. (A.49)

Explicitly,

RBE
n (q) =

∫ zmax

0

z2 dz

eq(z) − 1∫ ∞

0

z2 dz

ez − 1

, RFD
n (q) =

∫ zmax

0

z2 dz

eq(z) + 1∫ ∞

0

z2 dz

ez + 1

, (A.50)

RBE
ρ (q) =

∫ zmax

0

z3 dz

eq(z) − 1∫ ∞

0

z3 dz

ez − 1

, RFD
ρ (q) =

∫ zmax

0

z3 dz

eq(z) + 1∫ ∞

0

z3 dz

ez + 1

. (A.51)

These definitions reduce to the standard Bose-Einstein and Fermi-Dirac factors in the limit
q → 1 and are used in the bounds calculation for q using BBN and CMB+BAO data.

A.6.2 Generalized Transcendental Equation
We start from

Γann,q(Tf ) ≃ Hq(Tf ), Γann,q = nχ,eq,q

∣∣∣
Tf

⟨σv⟩q(Tf ), x ≡ mχ

T
, xf = mχ

Tf

. (A.52)

Chemical decoupling occurs in the nonrelativistic regime, xf ≳ O(20), so we do not apply Rn to
the WIMP particle sector. Instead, nχ,eq,q is computed from the exact phase-space integral in
Eq. (3.29), evaluated in the nonrelativistic regime, ⟨v2⟩q is computed from Eq. (4.13), and the
background enters through Hq =

√
Rρ(q)H with Rρ(q) defined above. With these inputs, the

Freeze-out condition Γann,q(Tf ) ≃ Hq(Tf ) leads to the q-logarithmic transcendental equation
used in the main text:

xf (q) ≃ lnq

 gχMPlmχ

1.66(2π)3/2
√

g∗(Tf )Rρ(q)

(
a + b ⟨v2

rel⟩q

)√
xf

. (A.53)

This is the nonrelativistic-consistent form employed in the computations.



Appendix B

Methodological Inputs

This appendix records the numerical and statistical inputs used to generate the figures and
tables discussed in the main text. The physical interpretation of these inputs is given in
the corresponding chapters; here we only document the implementation details needed for
reproducibility.

B.1 Degrees of Freedom and Nonextensive Deformation
We employ the effective energy and entropy degrees of freedom, defined by

ρ(T ) = π2

30 g∗(T ) T 4, (B.1)

s(T ) = 2π2

45 g∗s(T ) T 3. (B.2)

To capture the Standard Model thermal thresholds, tables are built piecewise on a node mesh
{Ti} in increasing order, including me, neutrino decoupling, mµ, pions, the QCD crossover,
heavy quarks, and the electroweak sector. In each interval [Ti, Ti+1) one sets

g∗(T ) = g∗,i, g∗s(T ) = g∗s,i, (B.3)

implementing a right-continuous step function.
When introducing the nonextensive deformation, g∗ and g∗s are rescaled by a factor Rρ(q)

constant in T :

Rρ(q) =

∫ ymax

0
y3eq(−y) dy

6 , ymax =


1

1 − q
, q < 1,

∞, q ≥ 1,
(B.4)

leading to

ρq(T ) = Rρ(q)ρstd(T ), g∗,q(T ) = Rρ(q)g∗(T ), g∗s,q(T ) = Rρ(q)g∗s(T ). (B.5)

For plotting, a logarithmic mesh in T is generated and the steps are smoothed by sig-
moids centered on each threshold. Without this smoothing, the same input remains a stepped
function. The smoothed curve is written as

gsmooth(T ) = g0 +
∑

i

∆i

1 + tanh
(

log10 T −log10 Ti

w

)
2 , ∆i = gi − gi−1, (B.6)

where w controls the slope. The curves shown in the main text correspond to g∗,q(T ) and
g∗s,q(T ) for different values of q as the Universe cools. The degrees of freedom are listed in
Tables B.1 and B.2 [1].
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Table B.1: Effective energy degrees of freedom g∗(T ) in the plasma.

Epoch Range T [GeV] g∗(T )
γ + ν (T ≪ me) [1.0 × 10−6, 5.11 × 10−4) 3.363
me [5.11 × 10−4, 8.0 × 10−4) 6.863
ν decoupling (approx.) [8.0 × 10−4, 0.1057) 10.75
mµ [0.1057, 0.135) 10.75
π0 [0.135, 0.1396) 14.25
π± [0.1396, 0.170) 15.25
QCD crossover [0.170, 1.29) 61.75
mc [1.29, 1.777) 72.25
mτ [1.777, 4.19) 75.75
mb [4.19, 80.4) 86.25
mW [80.4, 91.2) 92.25
mZ [91.2, 125.6) 95.25
mH [125.6, 173.3) 96.25
mt [173.3, 1.0 × 104] 106.75

Table B.2: Entropic degrees of freedom g∗s(T ) in the plasma.

Epoch Range T [GeV] g∗s(T )
γ + ν (T ≪ me) [1.0 × 10−6, 5.11 × 10−4) 3.909
me [5.11 × 10−4, 8.0 × 10−4) 7.409
ν decoupling (approx.) [8.0 × 10−4, 0.1057) 10.75
mµ [0.1057, 0.135) 10.75
π0 [0.135, 0.1396) 14.25
π± [0.1396, 0.170) 15.25
QCD crossover [0.170, 1.29) 61.75
mc [1.29, 1.777) 72.25
mτ [1.777, 4.19) 75.75
mb [4.19, 80.4) 86.25
mW [80.4, 91.2) 92.25
mZ [91.2, 125.6) 95.25
mH [125.6, 173.3) 96.25
mt [173.3, 1.0 × 104] 106.75

B.2 Effective Number of Neutrinos and Likelihoods
The statistical interpretation of this fit is discussed in the results chapter. Here we record only
the explicit likelihood used in the numerical implementation. The model prediction is compared
with the BBN and CMB+BAO observational inputs listed in Table 5.1 through

χ2
Neff

(q) =

[
N̂eff(q) − µBBN

]2
σ2

BBN
+

[
N̂eff(q) − µCMB

]2
σ2

CMB
, (B.7)

where µ denotes the central value and σ the corresponding observational uncertainty. The
theoretical value N std

eff is not included as an additional datum in the χ2; it is used only as the
reference value around which the nonextensive shift is defined. Including it as an independent
observational contribution would amount to double-counting the theoretical baseline and would
artificially drive the fit toward q = 1.

It is also useful to define

∆χ2
Neff

(q) = χ2
Neff

(q) − χ2
Neff ,min, (B.8)
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where χ2
Neff ,min is the minimum value of Eq. (B.7). This shift places the minimum at zero and

allows the confidence intervals in q to be read from the standard ∆χ2 thresholds, as shown in
Fig. 6.14b.
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H. Gil-Maŕın, S.Gontcho A. Gontcho, A.X. Gonzalez-Morales, V. Gonzalez-Perez, C. Gor-
don, D. Green, D. Gruen, R. Gsponer, G. Gutierrez, J. Guy, B. Hadzhiyska, C. Hahn,
M.M.S. Hanif, H.K. Herrera-Alcantar, K. Honscheid, C. Howlett, D. Huterer, V. Iršič,
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